Log-Likelihood Loss for Semantic Compression
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Summary and contributions

Log-likelihood loss. We introduce a log- Structure of Ry(D). We characterize the  Generalized framework. We show that a  Applications. Our framework also provides
ikelihood loss function dy induced by a like- feasible distortion range, identify a special op- broad class of classical rate-distortion problems  natural constructions for denoising, achieving
ihood model Px|y, and study semantic com-  erating point, and compare the resulting trade-  can be embedded into our log-likelihood based  rate-distortion with perfect perception, and
oression under a rate-distortion formulation.  off with the log-loss framework. rate-distortion framework. generative modeling from private data.

The Log-likelihood loss Compression-based denoising RDF as a single-parameter

» Information source X ~ Px. » Unknown clean source: U optlmlzatlon
» Conditional law Py (where U € U is a latent semantic » Known noisy channel: Py > Consider a rate-distortion problem (X, d, D)
variable). o | > Noisy observation: X » Let Z be the set of all A > 0 s.t. there exists
> The ‘log-likelihood loss' dy(x,y) : X x U — [0,00] is:  » Denoising for (X, P|y) via lossy compression. 1. a function p(-,A) : & = (0,00)
1 . . . . ) . ) ) ? ' B
du(x, y) 2 log » Compression under dy at the special operating point 2. a coupling Py x st. ¥ (y, x) P)(()‘\))/(X‘Y) — ux, A)e M)

'DX\U(X‘Y) D* = H(X|U)- (Cond. B).

Lossy compression It 2 7& @1 then
X — under distortion |— Y _
di(x.y) R(D) = max H(X) + Ex[log(1(X, \))] = D),

» Reconstruction Y € U is a semantic representation of X, o e o > 1 C J i.e, (Cond. B) is stronger than the (Cond. A).
rather than a point-wise approximation. » Example: Gaussian source with absolute error - violates

- - » |og-likelihood compression based denoising for (Cond. B).
Semantic COmpr955|0n stationary ergodic sources [Song et al. '25].
Classes of RD problems

> Serves a dual purpose: Relation with log-loss framework

» lossy compression of source X,
» while preserving semantic (task-relevant) information.

» |og-loss: Given source X ~ Px. The decoder outputs
W e A(X) s.t. di(x, W) = —log W(x) and

All rate-distortion problems

gmTmT r D
oy B e 1] e RI(D) = [H(X) - D" [ Soeiion v
i Q! e 8 B W » Log-likelihood loss: The semantic reconstruction y
O @ 8 Z;T\,”.Zf,l.sti’ng) induces a predictive distribution W, such that Single-parameter
Latent s-emantics U Reconstruction Y € U/ Preservd Wy 6 {PX|U(|U)}UEU C A(X) ‘:JI:t:::elzaRt[')O; Satis‘:in (Cond A)
Hidden semanties » Can be viewed as a restricted version of the log-loss S
: : : framework. Satisfying (Cond. B)
Rate-distortion formulation > For every D € [Dinin, Diax], We have
» Source X € X : reconstruction Y € U Rﬁé(D) > RK(D)- Rate-distortion Wlth perfect
> Given (X, Pxy), the rate-distortion function (RDF) » At every special operating point D* € [Dyin, Dinax], We .
under log-likelihood loss is have perception
Ru(D) = Woro T [_lmilr; x| )]<D/(X; Y) Ru(D") = R(D") = H(X) — D" For source X ~ Py, reconstruction Y € X, distortion
e e X|Urr)1<i)r/1 - I(X: V) | function d : X x X — [0, 00|, and perception measure
B Wy|x ’ Example. Consider (X, Px|y) such that X ~ Bern(0.35) & v A(X) x A(X) — [0, 00], the rate-distortion-perception
H(X|Y) +Ey[Dxr(Wxpy ([ Y Pxju(-1Y)] < D - -
_ i (X: Y) b 08,04,02
Wy x; XIV""10.2,0.6,0.8|" R(D,T) = min I(X;Y)
Ev[CE(Wsy (1Y) [Pl V)] < D | B (X YIS (P @y <T
where CE(-||-) denotes the cross-entropy loss function. > D —=0322and D,., = 1.022. AT R

» For [ = 0, perfect perception is achieved.

PrOperties of R@é(D) o ReeDetomonfunctons Fuve R » Log-likelihood based framework can be leveraged to

| | _ 0ol :tjglg‘;‘;"g‘g’ﬁ &?&S’;’EF(D)) _ achieve perfect perception.
Given ()(7 PX\U)! the RDF R@(D) is defined only for o (H(X\Ul),I(Ul;X)):(0.718?0.216)
distortion level D € [Din, Dmaxl. 08 ° (H(X]U2), I(Uz; X)) = (0.816,0.118) || Log-likelihood construction. Transmit X through a
. _ _ 07| | noisy channel Pz x to obtain Z. Then, compress £ into Y
Minimum distortion level : Dy, 06| : under the log-likelihood framework
> Drin = Ex |min, {— log Pxjy(X]|u)]|. 2 os| - du(z,y) = —log Pzix(zly), at D* = H(Z|X).
» Best semantic explanation: for every x, choose oal |
reconstruction y that maximizes the likelihood of x i.e., A * > The induced coupling [Wxyz|xy achieves perfect
tion.
c T(x) = {arec max P X U/ . (07181 0.2159) | percep
Y | (x) = {are u'e xulxlu)} T |\ (015, 01183) » For which class of RDP problems (X, d, ) does this
» Ru(Dmin) = minoea) Ex [— log >,e7(X) QU(U)]- 7 L | compression framework (Z, PZ|X) achieve R(D,0)?
> Optlma| reconstruction is a randomized % 01 02 03 04 05 06 017: oia: 0.9 1 . . - : . Co.
maximum-likelihood (ML) decoder. Distortion tShuffllaenttco.ndltlon. (t3-|v|en (i(, d,~) with finite |X|, let
» D.in =0iff V x € X, there is a perfect semantic © CIEMENT-WISE exponential ma ;3(( |
. [ [ (] S o X,y
explanation u € U. Generalization of classical RD Vix,y) =e -

» Dnin =0 = Ry(Dnin) = H(X). If V is completely positive for every A > 0, i.e.

V =BB' for some B >0,

. > Consider a rate-distortion problem (X, d, D). then, a log-likelihood compression framework exists that
» Diax = min, Ex [_ log 'DXIU(X’”)]- » Let J be the set of all A > 0 s.t. there exists induces an RDP-optimal perfect-perception coupling.

» Best global explanation without observing x.

problems

Maximum distortion level : D,,...

1. a function pu(-,\) : X — (0, 00), » Examples include squared Euclidean distance on finite
> Ri(Dmax) = 0. 2. P>(<Ay)y(XD/) = pu(x, \)e ) is a valid PMF Yy € ). subsets of R” and g-ary Hamming distortion.
. . _ (Cond. A).
Speleal operating point. Let (U, X) ~ Py x be If 7 +0, then, V A\ € 7, References
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» Y is a sample from the posterior Pyx i.e., Y ~ Py.




