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Abstract—Majorization is a stochastic ordering relation that
compares the relative diversity of probability distributions with
numerous applications in econometrics, spectral theory, and
ecology. It is well known that the majorization partial order
forms a complete lattice on the set of all ordered probability
distributions on a fixed finite alphabet. In this work, we study
the properties of entropic families on the majorization lattice
via coupling methods. We establish a fundamental majorization
relation between the comonotone and independent couplings. We
derive a strengthened Tsallis entropy inequality involving the
Gacs-Korner common part that holds for every coupling whose
bipartite support graph is a forest, including the comonotone
coupling. Using these coupling results, we show that both Rényi
and Tsallis entropies are subadditive on the majorization lattice
for every order o > 0. Additionally, we study the modular
behavior of both entropic families. In particular, we show that
Rényi entropy is supermodular on the majorization lattice for « €
{0} U[1, co] but neither supermodular nor submodular in general
for o € (0,1). The Tsallis entropy satisfies supermodularity for
every « € [0,00). Furthermore, we demonstrate applications of
our results to minimum Rényi entropy couplings, econometrics,
and optimal transport. For the minimum Rényi entropy coupling
problem with m marginals, we give a polynomial-time algorithm
that constructs the comonotone coupling and show that its Rényi
entropy is within logm nats of the optimum for every finite
order o, while it is optimal for min-entropy. We also construct
entropy-based distance metrics related to the generalized entropy
index in econometrics. Finally, in optimal transport, we bound
the excess transport cost introduced by entropic regularization
in terms of the marginals alone.

Index Terms—majorization, probability couplings, entropic
families, Lorenz curves, econometrics, optimal transport

I. INTRODUCTION

Majorization [2] is a widely studied mathematical concept
for comparing the dispersion or inequality of the components
of one vector relative to another. Its origin goes back to
Schur’s study of symmetric convex functions and determinant
inequalities [3] and the work of Hardy, Littlewood, and
Pélya [4], [5]. Beyond pure inequality theory, majorization
is closely connected to the Lorenz curve [6] and the Pigou—
Dalton principle of transfers [7], [8], which provide founda-
tional tools for comparing income and wealth distributions
in economics. Thus, majorization offers a natural tool for
comparing concentration, dispersion, and inequality across
probability distributions and more general vectors.

Majorization-based ideas have appeared in several domains
recently. In information theory, [9] studied the relation be-
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tween Rényi divergences and majorization through Lorenz dia-
grams and Markov ordering. In [[10], the authors studied matrix
majorization in large samples and its catalytic formulation,
while Elkouss et al. [11] derived finite sufficient conditions for
catalytic majorization and thermal transformations. In wireless
communications and signal processing, majorization has been
used to compare eigenvalues and power allocation structures in
MIMO transceiver design [12]]. In quantum information theory,
Nielsen [13]] characterized pure-state entanglement transfor-
mations using majorization, while [[14] developed a quantum-
majorization framework for state transformations in quantum
thermodynamics. Majorization methods also remain central
in economics and statistics with recent work on grouped-
data estimation and multivariate Lorenz comparisons [15],
[16]. In [17]], the authors developed Newton-Simpson-type
inequalities using majorization theory. It has also been applied
to study the minimum entropy couplings [18]], functional
representations [19]—[21]], and causal inference [22]. In [20],
the authors introduced a stronger notion of an information-
spectrum-based majorization to derive information-theoretic
lower bounds on minimum Rényi entropy couplings (see
also [18], [23]).

Rényi and Tsallis entropic families are among the most
widely studied one-parameter extensions of Shannon en-
tropy. Rényi entropy, originally introduced in [24]], appears
naturally in source coding with exponential costs [25]], guess-
ing [26], privacy amplification [27]], hypothesis testing and
Rényi-divergence-based analysis [9]], [28]], and quantum infor-
mation theory [13]], [[14]]. Tsallis entropy, introduced in [29],
is centrally studied in non-extensive statistical mechanics and
systems with long-range interactions or memory effects [30],
[31] and has also been used in image processing [32], cos-
mology [33]], and machine learning [34].

Bapat [35] showed that the majorization order forms a
complete lattice on the set of ordered probability distributions
on a fixed finite alphabet. Entropy inequalities on lattices
constitute another important line of work. Subadditivity, for
instance, bounds a joint entropy using only the marginal
entropies; for Shannon entropy, it implies that encoding two
sources jointly never requires a higher optimal rate than
encoding them separately. On the majorization lattice, the
greatest lower bound plays the role of the joint distribu-
tion, since every coupling of two marginals is majorized by
their greatest lower bound. More generally, submodularity
and supermodularity are structural properties that provide
monotonicity, convexity, and optimization principles on or-
dered spaces [36]], [37]. On the Boolean lattice formed by



subsets of a finite set of random variables, Shannon entropy
was shown to be submodular [38]. This property underlies
the polymatroidal structure of Shannon entropy and many
basic information inequalities [38]]. It also plays an important
role in applications such as secret sharing and the entropy
methods in combinatorics [[39]. The authors in [40] initiated
the analogous study on the majorization lattice, proving that
Shannon entropy is supermodular and subadditive on this
lattice. They also suggested that these inequalities may support
an information-theoretic calculus within the lattice, analogous
to joint entropy, conditional entropy, and mutual information
in the classical setting. The majorization lattice has been
studied in several related directions [41]-[43]. In [44], the
authors extended our analysis to the two-parameter Sharma-
Mittal entropic family [45]]. Following our work, similar results
were independently developed in [46], albeit using different
proof techniques. More recently, bounds on the total variation
distance and Hellinger affinity between ordered distributions
were studied in [47]).

A. Our Contributions

We study structural properties of couplings, Rényi entropy,
and Tsallis entropy on the majorization lattice. Our results
recover the subadditivity and supermodularity phenomena of
Shannon entropy studied in [40]. Our approach is based on
the analysis of couplings and Lorenz-curve geometry, yielding
shorter and more conceptual proofs than the case-by-case
analysis for the Shannon entropy in [40].

o Ordering between couplings. We show that for any two
marginal probability mass functions (PMFs) arranged in
non-increasing order of mass, the comonotone coupling
(also known as the north-west coupling) majorizes the
independent coupling.

o Subadditivity property. Using the ordering between the
comonotone and independent couplings, we prove the
subadditivity of Rényi entropy on the majorization lattice
for every order € [0,00]. For Tsallis entropy, we
establish a stronger coupling inequality involving the
entropy of the Gdacs—Korner common part under the
comonotone coupling. As o« — 1, the additional term
reduces to the Gacs-Korner common information. We
further extend this inequality to every coupling whose
bipartite support graph is a forest. This inequality enables
us to prove the subadditivity of Tsallis entropy for every
a € [0,00), including the range o € (0, 1), where the
independent coupling argument does not hold.

o Supermodularity property. Using the geometry of cou-
plings and Lorenz curves, we prove that Rényi entropy
is supermodular on the majorization lattice for every
a € {0} U [1, 00]. However, we show that in general the
Rényi entropy is neither supermodular nor submodular
for every @ € (0,1). In contrast, we also show that
the Tsallis entropy is supermodular on the majorization
lattice for every order « € [0, 00).

o Applications. We demonstrate applications of our re-
sults to the minimum Rényi entropy coupling problem,

econometrics, and optimal transport. In particular, given
m marginal PMFs, we provide a polynomial-time con-
struction of the comonotone coupling and show that its
Rényi entropy exceeds the optimal value by at most log m
nats for every finite order « > 0. We further obtain a
refined distribution-dependent approximation bound that
is non-increasing in «, and establish optimality for min-
entropy. Using our supermodularity results, we construct
two families of information-theoretic distance metrics
on ordered PMFs: a Rényi entropy-based family for
a € [l,00) and a Tsallis entropy-based family for
a € (0,00). Under these metrics, the distance of a PMF
to the uniform distribution recovers transformations of
the generalized entropy index, including the Theil index,
used to measure income inequality. Finally, in optimal
transport, we show that every vertex optimal transport
plan satisfies our Gacs—Korner-strengthened Tsallis en-
tropy inequality, and we bound the additional transport
cost due to Shannon entropy regularization in terms of
the marginal PMFs alone.

II. NOTATIONS AND PRELIMINARIES

The set of all probability mass functions (PMFs) of size n
is denoted by P;,. Further, we use P, to denote the set of all
ordered PMFs of size n, with masses in the non-increasing
order. Clearly, P, C P,. We denote PMFs by bold-face
letters, say p := (p1,p2, - ,Pn) € P.. Given a random
variable X, its support is denoted by X, while a realization
is denoted by lower case letter, for example, x € X. Given
a collection of PMFs S = {p®}™, C(S) denotes the set
of all couplings of the marginal PMFs in S. We use [n] to
denote the set {1,2,...,n}. Further, [a,b] denotes the closed
interval from a to b where a < b. Given p, q € P,, we
use II(p,q) and II¥(p,q) to denote a coupling of p and q
in the matrix and vector form (with masses arranged in the
non-increasing order), respectively. Throughout the paper, log
denotes the natural logarithm, and the entropies are measured
in nats unless explicitly stated otherwise.

Definition 1 (Rényi entropy). The Rényi entropy [24] of order
a € [0,00] of a random variable X ~ p is defined as

: i —log (Z (m)“) .M

i=1

Ha(X) = Ha(p) £

As a — 1, the Rényi entropy reduces to the well-known
Shannon entropy. As o — 0o, we have Ho.(p) = —1og ||P||oos
where || - ||oo denotes the infinity norm of a vector.

Definition 2 (Tsallis entropy). The Tsallis entropy [29] of
order o € [0,00) of a random variable X ~ p is defined as

1-— :L_ pi )<
T,(X) = T, (p) & - 2= )", ©)
a—1
As a — 1, the Tsallis entropy also reduces to the Shannon

entropy i.e., Ti(p) = H(p) = — Y_, pilogp;. An interesting
property of Tsallis entropy which makes it different from Rényi



entropy is pseudo-additivity i.e., for two independent random
variables X and Y, we have

Ta(XY) = Ta(X) + Ta(Y) + (1 - a)Ta(X)Ta(Y)a 3)
Sor every a € [0, 00).
At order zero, we use the convention 0° = 0 in the

entropy sums, so that Hy(p) = log|supp(p)| and To(p) =
|supp(p)|—1. Throughout the paper, we assume that the PMFs
are arranged in the non-increasing order i.e., p € P,.

Let p,q € P,, and define the cumulative sums

i J
P2y pr, and Q; 2 g,
k=1

k=1
with the convention Py = ()9 = 0. The independent coupling
IT(p, q) is the joint PMF on [n] x [n] given by

The comonotone coupling I1.(p, q) (also known as the north-
west coupling) is the joint PMF defined by

Ie(p,q)(i,j) = [min{P;, Q;} — max{P;—1,Q;-1}], ,

where [z]1 = max{x,0}. Equivalently, Il.(p, q)(¢, j) is the
length of the overlap between the intervals (P;_1, P;] and

(Qj-1, Q4]

Definition 3 (Aggregation (C)). Let 9 = (q1,---,¢m) and
p = (p1,-..,pn) be probability mass functions with m < n.
We say that q is an aggregation of p, denoted by p C q, if
there exists a partition {A1,...,An} of [n] such that

q; = ij7

JEA;

“4)

for every i € [m)].

Definition 4 (Partial Order (<)). Let P be a set. A homoge-

neous binary relation on P, denoted by < C P X P, is called

a partial order if, ¥V xz,y,z € P, the following holds

(a) Reflexivity: (z,x) € <X,V a € P.

(b) Antisymmetry: If (z,y) € < and (y,x) € =, then x = y.

(c) Transitivity: If (z,y) € = and (y,z) € =, then (z,z) €
=.

The pair (P, =) is called the partially-ordered set (poset). In

addition, if for every x,y € P, either x X y or y X z, then

< is called a total ()rder.[]_-]

Remark 1. A binary relation that is reflexive and transitive,
but not necessarily antisymmetric is called a pre-order or
quasi-order.

Now we define the greatest lower bound (glb) and the least
upper bound (lub) with respect to a partial order <.

Definition 5 (g/b (A) and lub (V)). Let (P, =) be a poset,
and let Q C P. An element | € P is called a lower bound of
QifVeeQ wehave l < x. Let

LQ):={leP:l=z VzeQ}

I'Throughout the paper, we write (a,b) € =< equivalently as a < b.

denote the set of lower bounds of Q. If L(Q) has a greatest
element, then it is called the glb of Q, denoted by \ Q i.e.,
NQe L(Q)andl X \Q, for every | € L(Q).

Similarly, an element u € P is called an upper bound of Q
ifVxeQ, wehave © < u. Let

UQ)={ueP:z=<u, Vo€ Q}

denote the set of upper bounds of Q. If U(Q) has a least
element, then it is called the lub of Q, denoted by \/ Q i.e.,
\V QelU(Q) and \|] Q = u, for every u € U(Q).

Definition 6 (Lattice). Let (P, =) be a poset. We say that P
is a lattice if every pair of elements x,y € P has both a glb
and a lub in P, denoted by © \y and x \V vy, respectively. In
this case, we denote the lattice by the quadruple (P, =, A, V).
If every subset Q C P has both a glb and a lub, then P is
called a complete lattice. Thus, every lattice is a poset, but
not every poset is a lattice.

Definition 7 (Gacs—Korner common information). Let
(X,Y) ~ II be jointly distributed random variables on finite
alphabets X and Y. The Gdcs—Kdrner common information

between X and Y is defined as
CGK (X, Y) e

max
U: H(U|X)=0

H(U|Y)=0

H(U), (5)

where the maximization is over random variables U that
can be recovered deterministically from X alone and from
Y alone, ie, U = f(X) = g(Y) almost surely for some
Sfunctions [ and g. The joint distribution of (X,Y) is fixed,
and we may take U to have an alphabet U satisfying |U| <
min{|X|, |Y|}. A maximizing random variable K is called
the Gdcs—Korner common part of X and Y. Consequently,
Cek(X3Y) = H(K).

For (X,Y) ~ Il.(p, q), we denote the common part by K
and its PMF by z(p, q), and thus Cgk(p,q) = H(K,).

III. THE MAJORIZATION LATTICE

In this section, we define the majorization partial order and
state some related properties.

Definition 8 (Majorization). Let p and q € P,,. Then, we say
q majorizes p, denoted by p = q, if

k k
Zpi < Z i
i=1 i=1

holds for every k € [n].

If p and q have finite supports with different cardinalities,
we pad the shorter PMF with zeros and apply the same
definition. The notion of majorization can also be extended
to PMFs with countably infinite supports.E]

(6)

Majorization is a partial order on the set of ordered PMFs
i.e., Pp, while it is a pre-order on the set P/,. If a PMF q is

2Note that the majorization is not necessarily restricted to sorted PMFs.
If the PMFs p and q are not ordered in the non-increasing order, we may
compare the sums of the k largest probability masses instead of the partial
sums.



an aggregation of a PMF p ie., p C q then q majorizes p
i.e., p = q. Thus, aggregation implies majorization.

Definition 9 (Schur-convex function). A function f : P, — R
is said to be Schur-convex if for every p,q € P, satisfying
P X q, we have

f(p) < f(a) (7

Equivalently, f is called Schur-concave if — f is Schur-convex.
Rényi entropy (H, (p)) as well as Tsallis entropy T, (p) of any
order o > 0 are Schur-concave functions.

Bapat [35] showed that the poset (P,,=) induced by
majorization is a complete lattice. Cicalese and Vaccaro [40]]
gave explicit constructions for the greatest lower bound (glb)
and the least upper bound (lub) of any two elements. Given p
and q in P, the glb (p A q) is given by

k k k
> (pAa)(i) Zmin{Zpqui} (8)
i=1 i=1 =1
In order to define the lub, let 8, 4 be a vector taking values
in R™, such that

k k k
Z Bp,q(i) = max {Zpia Z Qi} 9)
i=1 i=1  i=1

If Bp,q € Pn, then the lub p V q = (p . Otherwise, p V q
is obtained by repeatedly replacing each maximal consecutive
block of coordinates of [ o that violates the non-increasing
order by its average, until the resulting vector lies in P,,. Thus,
p V q is the slope vector of the least concave majorant (LCM)
of the cumulative sum curve of fp q.

Lorenz curves [2], [6]] provide a geometric representation of
PMFs and are particularly useful in the study of majorization:
the majorization order is equivalently characterized by point-
wise comparison of the corresponding Lorenz curves. We use
this geometric perspective in the sequel to establish our results.

Definition 10 (Lorenz curve). Let p = (p1,...,0Pn) € Ph.
The Lorenz curve of p is the piecewise-linear concave function
Ly : [0,n] — [0,1] obtained by linear interpolation of the
points

k
<k,2pi> , k € [n],

where Z?:1 p; := 0. Equivalently, L,(0) = 0 and, for x €
[k — 1, k] with k € [n],

k—1
Lp(x) =Y pi+ (x—k+ 1)p.
i=1

Lemma 1. Let p,q € P,, and let II.(p,q) denote their
comonotone coupling. Then, the glb and the lub of p and
q in the majorization lattice are both canonically determined
by I1.(p, q). More precisely, p A q is an aggregation of the
comonotone coupling 11.(p,q), while p V q is obtained by
applying the least concave majorant (LCM) operation to an
aggregation induced by 11.(p, q).

Proof. The proof is deferred to Appendix [A] It uses the quan-
tile representation of the comonotone coupling and the char-
acterizations of meet and join through cumulative sums. [

Theorem 1. Let p,q € P,,. Let 11 .(p, q) and I1(p, q) denote
the comonotone coupling and the independent coupling of p
and q, respectively. Then, the comonotone coupling vector II¥
majorizes the independent coupling vector Hf ie.,

I (p,q) < T¥(p,q).
Proof. The proof is deferred to Appendix O

(10)

Remark 2. Theorem || extends to any finite collection of
marginal PMFs S = {p®W}™,, ie., H,i(S) =< II¥(S).
The proof follows the argument in Appendix [B} with two
modifications: the Young’s diagram indexing the k largest
masses of the independent coupling is replaced by a down-
set D C [n]™ in the product order, and the monotone-path
count is replaced by a breakpoint count. Specifically, the box
[a1] X -+« X [am), where

A
a; = maxuv;
veD

has T1.(S)-mass min; ¢y, P(g? (where P,Ei) £ Z?Zl p;i)) and
contains at most Y .-, a; —m + 1 nonzero atoms of 11(S),
while

m
| D] EZai—m—i—l.

i=1

IV. SUBADDITIVITY PROPERTY

Definition 11. A real-valued function f : P — R defined on
a lattice (P, =, A\,V) is subadditive if V x, y € P, we have

flxANy) < fl@)+ f(y). (1)

In the next theorem, we state a result on the subadditivity
of Rényi entropy on the majorization lattice.

Theorem 2. For every o € [0,00], the Rényi entropy H,
is subadditive on the majorization lattice (P, =, \, V). More
specifically, for all p,q € P,

max (Ha(p), Ha(q)) < Ha(PA Q) (12)
< Ho(p) + Ha(q)- (13)

The equality in holds if at least one of p and q is the
deterministic PMF (1,0, ...,0).

Proof. From Lemmal[1} we know that II.(p,q) C pAq. Since
aggregation implies majorization, we have that

Ii(p,a) < pAq (14)
Furthermore, using Theorem E] we obtain
I (p,q) = II{(p,q) = pAq. (15)

Since Rényi entropy is Schur-concave for every a € [0, o],

Ho(pAq) < Ho(ITf (p, @) = Ha(p) + Ho(a)  (16)



The above proof can also be obtained without invoking The-
orem (1| The independent coupling II;(p, q) has marginals p
and q; hence, by aggregation,

I} (p,q) < p I} (p,q) < q,

Thus Hﬁ(p, q) is a lower bound of p and q. By the definition
of the greatest lower bound,

I (p,q) < pPAq. 17)

Therefore, (I6) follows directly. Nevertheless, Theorem [I]
provides a sharper structural comparison between the
independent and comonotone couplings, and we use it here
to emphasize this relation.

and

(Conditions for equality). Now, it remains to establish the
equality cases. First, if one of p and q is deterministic, say
p =(1,0,...,0), then we have p A q = q. Consequently,

Ha(p/\q) :Ha(q) :Ha(p)+Ha(q)v (18)

since H,(p) = 0. A similar argument applies if q is deter-
ministic. This completes our proof. O

Furthermore, the Schur-concavity of Rényi entropy yields
the following simple upper bound,

Remark 3. For all p,q € P,, and a € [0, 0], we have

Ha(p) + Ha(q) < 2Ha(p A q).
For o € (0,00), the equality holds if and only if p = q.

19)

As a consequence of Theorem [2] and Remark [3] we have
the following corollary which extends the above property to
any finite number of PMFs,

Corollary 1. Let {p("}™ | be m PMFs in P,,. Then, for Rényi
entropy of any order « € [0, 00|, we have that

H, ( A p“”) <3 H, (p) < mH, ( A p“)) . 0)
1=1 =1 =1

Proof. The first inequality follows by applying Theorem [2] (on
the pair of PMFs) iteratively to the glb A", p®, for m — 1
times.

For the second inequality, since /\:';1 p® is a lower bound,
w.r.t majorization, for every p(*), we have Aty p® < p®,
for all 4. By Schur-concavity of Rényi entropy, H, (p) <
Ho (AL, p) for every 4, and summing over i € [m] gives
us the result. O

It was shown in [48]] that Tsallis entropy is subadditive
for order « > 1. In the next theorem, we show that the
subadditivity property extends to all o € [0,00) using our
proof technique based on couplings involving the Gdcs—Korner
common part. We first state a lemma which will be used to
prove our subadditivity result.

Lemma 2. Let p, q € P,, such that X ~ p, Y ~ q, and
(X,Y) ~ II.(p, q). Let K denote the Gdcs—Korner common

part of X and Y, and let z(p, q) denote the PMF of K.. Then,
for every a € [0,00), we have

To(ITE(p,q)) + Tu(2(p,q)) < Ta(p) + Tala).

For a — 1, T, (z) — Cgk(p,q), where Cgk(p,q) is the
Gdcs-Korner common information [49] of p and q, measured
in nats, under the comonotone coupling. Furthermore, @ is
satisfied with equality for every p, q if @ = 0. The equality
also holds if either p or q is a deterministic PMF (1,0,...,0).

21

Proof. The proof is deferred to Appendix [C] O

Every coupling IT between two marginal PMFs induces a
bipartite support graph which includes vertex classes corre-
sponding to the positive mass atoms of its marginals, with
an edge between x; and y; if and onmly if II;; > 0. The
bipartite support graph induced by the comonotone coupling is
a forest [50]. In the next proposition, we show that the result in
Lemma |2 can in fact be extended to every coupling II whose
bipartite support graph is a forest.

Proposition 1. Let p,q € P,, and let 11 be a coupling of
X ~pand Y ~ q whose bipartite support graph is a forest.
Let K11 denote the Gdcs—Korner common part of X and Y
under (X,Y) ~ 11, and let z11 denote its PMF. Then, for every
a € [0,00), we have

To(I1Y) + To(zn) < Ta(p) + Tu(q).
Equality holds for a = 0.

(22)

The proof is deferred to Appendix [D] In the next result, we
show that Tsallis entropy is subadditive on the majorization
lattice for every o > 0.

Theorem 3. For every o € [0,00), the Tsallis entropy T,
is subadditive on the majorization lattice (P, =<, \,V). More
specifically, for all p,q € P,

max (To(p) , Ta(q)) < Ta(PpAq) < To(p) + Tu(q). (23)

The equality in 23) holds if at least one of p and q is the
deterministic PMF (1,0,...,0).

Proof. Unlike the Rényi entropy, the Tsallis entropy only satis-
fies pseudoadditivity under the independent coupling i.e., given
PMFs p and q, we have that T, (TT} (p, q)) = T (p)+ 7T (q)+
(1 — a)Tu(p)Tu(q), for every a € [0, 00). Thus, the relation
between the independent coupling and comonotone coupling
can be leveraged to prove subadditivity on the majorization
lattice only for a > 1.

However, we bypass this approach and instead use Lemma 2]
to prove our result. Since T, (+) > 0, from ZI) we have that

To (I (p, Q) < T (p) + T (q). (24)

From Lemma we know that IT}(p, q) C pAq. Since aggre-
gation implies majorization, we have that II}(p,q) < pAq.
Using Schur concavity of Tsallis entropy, for every « € [0, 00)
we have that

To(p Aa) < To(IIE (P, q)) (25)



Consequently, from (24) and (@235), we obtain that

To(PAQ) < To(p) + Tu(q), for every a € [0, 00).

(Conditions for equality). If one of p and q is deterministic,
say p = (1,0,...,0), then we have p Aq = gq. Consequently,

To(p AN a) = Ta(q) = Ta(p) + Ta(q), since To(p) = 0. A
similar argument applies if q is deterministic. This completes
our proof. O

Similar to the case of Rényi entropy in Corollary |1} the
extension of subadditivity to the finite collection of PMFs also
holds for the Tsallis entropy of any order « € [0, 0©).

V. SUPERMODULARITY PROPERTY

Definition 12. A real-valued function f : P — R defined on
a lattice (P, =,A\,V) is said to be supermodular if ¥V x, y €
‘P, we have

f@)+ fly) < flxny)+ flzVy).

Equivalently, f is submodular iff —f is supermodular.

(26)

In the next theorem, we state a result on the supermodularity
of Rényi entropy on the majorization lattice,

Theorem 4. For every a € {0} U [1,00], the Rényi entropy
H,, is supermodular on the majorization lattice (P, <, A\, V).
That is, for all p,q € Py,

Ha(p) + Ha(q) < Ha<p A CI) + Ha(p \ q)'

Moreover, for o € {0, 00}, equality holds for all p,q € Py.
Thus, Ho(-) and Hso(-) are modular on the majorization
lattice.

27

Proof. We leverage the idea of Lorenz curves to represent the
glb and lub. We define the following shorthands: w := p A q,
v:=pVaq, and Sy(p) := Y., p{. Thus, we need to show
that for o > 1,

= (1o5(S(p) + log(Sa(a))
< (log(Sa(w)) + log(Sa(v))

l—«a
ie., Sa(p)Sal(d) > So(w)Sy(v). From Definition of
Lorenz curve, we note that for every x € P,

Sa(x) = /0 Ll (t)>dt

Let L, and Lg denote the Lorenz curves of p and q,
respectively. Then, we have that for all £ € [n], the Lorenz
curves of w and v satisfy
Ly, (k) = min{L(k), Lq(k)}, (30)
Ly(k) = [LCM(F)](K), €20
where Fy (k) := max{Ly(k), Lq(k)} and LCM(-) denotes the
least concave majorant operation. Further, let m(¢) and M (t)
be the continuous envelopes defined for all ¢ € [0, n],
m(t) = min{Lyp(t), Lq(t)},
M(t) = max{Lp(t), Lq(1)}-

(28)

(29)

(32)
(33)

Within any interval of integer points or crossings between Ly,
and Lg, we have that

m=Lp, M=Lq, if Lp<Lq
m=Lq, M=Lp, if Lq< Lp.

Thus, within any continuous interval (m/(t), M'(t)) is a
permutation of (L, (t), Ly (t)). Consequently, for almost every
t €1[0,n],

(m'(£))™ + (M'(£)* = (Lp(£)* + (Lq(£)"

On integrating both sides with respect to ¢ € [0, n],

[ wioya + [Carora = s.e)+ su@. 6)
0 0

(34)

Fix an interval I, £ (k— 1, k). Then, m is a piece-wise linear
concave function within I, while Ly, is a straight line joining
m(k — 1) to m(k). Thus,

m(k) —m(k —1) :/k
k

L (t) = 0 m/(t)dt

-1
Since u — u® is a convex map for o > 1, using Jensen’s
inequality we have

(L) < /

k—1

k

m/(t)*dt (36)
Now, considering M in the interval [. Unlike m, M is a
piece-wise linear (not necessarily concave) function while F},
is a straight line joining M (k — 1) to M (k). If I} has no
non-integer crossings, then F. (t) = M’'(t).

However, if there are crossings then M is convex and we
need to concavify it to get Fy,. Thus,
M(k)— M(k—1 k
Fre) — MO = MGE=1)
1 k—1

M’ (t)dt

Since © — u® is a convex map for a > 1, using Jensen’s
inequality we have

(FL(1)" < /

k—1

k

(M'(t))*dt 37)
Now, if Fy, is a piecewise-linear concave function, then it is the
lub L,. Otherwise, it needs to be concavified and consequently
the lub L. is the least concave majorant (LCM) of Fy,.

Therefore, on applying Jensen again over the pooled inter-
vals used by the LCM operation, we get

5.0 = [ (Luto)e a (38)
< /O (FL(1))™ dt (39)
< /O (M(£))* dt. (40)

On summing @6) over all intervals I for k¥ € [n] and
using (@0), we obtain

Saw) 80 < [Coyear+ [Coryan @n

0



Therefore, from (33) we have
Sa(w) + Sa(v) < Sa(p) + Sa(a).

Recall that w < p, q =< v. Since S, is schur-convex for
a > 1, it implies that S, (W) < Su(p), Sa(q) < S, (v). Let
z, Y,z > 0 such that

Sa(p) = Sa(w) +

Sal@) = Sa(w) +y

Sa(v) = Sa(w) + 2

Then, from @2) we have = + y > z. Now,

(42)

Sa(P)Sa(q) — Sa(W)Sa(v)
= (Sa(w) + 2)(Sa(w) +y)
= Sa(w)(Sa(w) +2)  (43)
=S.(wW)(x4+y—2)+zy 44)
>0, (45)

where (@3] follows from noting that z, y > 0. The case o = 1
follows by taking the limit @ — 1, since Rényi entropy is
continuous in « on finite alphabets.

(Modularity for o = 0 and o = 00). Let a := |supp(p)|
and b := |supp(q)|, where a,b < n. For a — 0, we have
|supp(p A q)| = max(a,b), and |supp(p V q)| = min(a,b).
Therefore,

Ho(p Aq) + Ho(p V q) = logmax(a, b) 4+ logmin(a, b)
(46)
(47

=loga + logb
= Ho(p) + Ho(q).

Now consider o — c0. Since p and q are arranged in non-
increasing order, thus p; = max; p;, and ¢; = max; ¢;. Then

and

(p A q)(1) = min(p1, q1), (p Vv a)(1) = max(p1,q1).

Consequently, we have that
Heo(pAq)+ Heo(pVa)
—log min(p1, q1) — log max(p1,q1)
= —logp1 —logq
= Hoo(P) + Hoo(q)-

Thus, the Rényi entropy is modular for o« € {0,00}. This
completes our proof. O

Remark 4. Unlike Corollary|l| the supermodularity property
does not extend in the same way to more than two PMFs. In
particular, for pV,p® p® € P, it is not generally true
that

3 3 3
> H, (p(i)) < H, (/\ p(i)> + H, <\/ pm) :
=1 =1 =1

For example, on taking p) = p® = p®) = p for any
non-deterministic PMF p, the left-hand side equals 3H,(p),
whereas the right-hand side equals 2H ,(p). Thus, the inequal-
ity fails whenever H,(p) > 0.

Theorem 5. For n > 3 and every a € (0,1), the Rényi
entropy H, is neither supermodular nor submodular on the

majorization lattice (Py, 3, A, V).
Proof. The proof is deferred to Appendix [E] O

In the next theorem, we prove the supermodularity of Tsallis
entropy on the majorization lattice,

Theorem 6. For every a € [0,00), the Tsallis entropy T, is
supermodular on the majorization lattice (P, <, A, V). That
is, for all p,q € Py,

To(p) + To(a) < Tu(pAa) + Tu(p V a).

Moreover, for o = 0, equality holds for all p,q € Py,. Thus,
To(-) is modular on the majorization lattice.

(48)

Proof. The proof is based on the idea of Lorenz curves, similar
to the one in Theorem 4] We defer the details to Appendix [F
O

Remark 5. It is stated in [48] (Theorem 3.2) that the Tsallis
entropy is submodular on the majorization lattice, for every
order o € [0,00). This contradicts our Theorem @ We
note that there is a sign error in one of the steps in the
proof in [48]. The argument therein controls the power sum
Sa(p) ==Y i, P&, which is submodular on the majorization
lattice for o« > 1 and supermodular for o < 1 (by convexity,
resp. concavity, of u +— u®). The Tsallis entropy is the affine
transform of Sy (-) i.e, Ty = 1a_ff, whose slope a‘—fl changes
sign at o = 1. This sign change exactly compensates the
change in the modularity direction of S,,. Consequently, T, is
supermodular for every o € [0, 00) — rather than submodular.

As an explicit example, consider p = (0.6,0.2,0.2) and
q = (0.45,0.4,0.15), such that p A q = (0.45,0.35,0.2) and
pVq = (0.6,0.25,0.15). On both sides of o = 1, we have
that

Ta(pAq)+Ta(pVq) =1.190
> 1.175 = Ta(p) + T2(q),

and

Tip(pAq)+TippVa) ~ 2743

each violating submodularity as stated in [48] and therefore
is consistent with our Theorem [6]

VI. APPLICATIONS

A. Minimum Rényi entropy couplings

Given a collection of m marginal PMFs, say S :=
{p(i)}gl, the minimum Rényi entropy coupling problem [51]
refers to finding the joint distribution (coupling) with the
minimum joint Rényi entropy Hx(OPTs). However, it was
shown in [52] that the problem is NP-Hard in the support size
of the marginal PMFs, for every order o € [0, 00). There-
fore, the existing literature involves computing information-
theoretic lower bounds on H}(OPTg) (converse-type results)
and designing approximation algorithms to output a coupling
with Rényi entropy close to HX(OPTgs). For ease in compari-
son, we state the following approximation guarantees from the
existing literature in bits.



Cicalese et al. [51] derived the lower bound H, (A S) on
the minimum coupling entropy using the greatest lower bound
(glb) under majorization. Later, Shkel and Yadav [20] obtained
the stronger lower bound H,, (Q*) using information-spectrum
majorization (see also Compton et al. [23] for concurrent
work). Therefore, we have

Ho (\S) < Ha(@") < H(OPTs)

for every order «v € [0, oo]. Several algorithms have been pro-
posed in the literature to compute the sub-optimal couplings.
In [51]], the authors proposed a polynomial-time algorithm to
construct a coupling and showed that its Shannon entropy was
within [log, m] bits from the optimal solution (i.e., within 1
bit for m = 2). Li [18] introduced a new coupling algorithm
based on the geometric splitting technique. Kocaoglu et al.
proposed a greedy algorithm to construct a coupling in [22].
Compton et al. [23] showed that the output of the greedy
algorithm is always within log% =~ (.53 bits of the optimal
Shannon entropy for m = 2 and always within % ~ 1.22
bits for an arbitrary m. Yadav and Shkel [21]] further provided
approximation guarantees for Rényi entropy of any order
a € [0, 00), showing that the greedy algorithm is optimal for
the min-entropy (o = 00).

Motivated by our results in Lemma |l| and Theorem
we propose a polynomial-time algorithm (Algorithm 1) for
constructing the probability vector induced by a comonotone
coupling of a collection of marginal distributions. We use this
construction to obtain worst-case additive approximation guar-
antees for the minimum Rényi entropy coupling problem and
show that the comonotone coupling obtained via Algorithm 1
is optimal for min-entropy. Although the greedy coupling
algorithm [[19]], [22] exhibits stronger worst-case guarantees,
we show, through various examples, that the comonotone
coupling can outperform greedy on structured families of
marginal PMFs. We further provide sufficient conditions under
which the proposed algorithm is optimal.

(49)

Algorithm 1 Comonotone Coupling Algorithm

Input: m marginal distributions S = {p™), ... p("™}, each
with n states.

Output: Coupling IT}(S) := (¢, ¢, ..., c7).
Sort each marginal PMF in non-increasing order.
fori=1,...,m do

Compute the set (_)f all breakpoints B; £
{x €(0,1):z= Z?Ilpy), ken— 1]?
end for

Set B=1{0,1} U U~ B;.
Sort distinct elements of B in the increasing order i.e., 0 =
bo <bp <by<---<bp=1.
fort=1,...,T do
Set Ct = bt - bt—l-
end for
Sort IT}(S) in the non-increasing order.
return Sorted coupling vector IT}(S).

Algorithm 1 outputs at most 7' < m(n — 1) + 1 masses, so
the output size is O(mn). Sorting the m marginal PMFs takes

O(mnlogn), and computing their cumulative breakpoints is
O(mn). The breakpoint set B is the union of m already-
sorted lists of total size O(mn), which can be merged in
O(mnlogmn) time by a generic sort, similar for IT}(S).
Hence the total running time is O(mn log(mn)), polynomial
in the number of marginals m and states n, while the space
complexity is O(mn).

Now, we state the result on the worst-case approximation
guarantee of our proposed algorithm.

Theorem 7. Given any collection of marginal PMFs S =
{p@}m,, let TIH(S) denote the output of Algorithm 1. Then,
we have

H}(OPTs) < Ho(ITX(S)) < HL(OPTs) +1logm  (50)

for every order a € [0,00). Furthermore, for a« — o0,
Algorithm 1 is optimal i.e., H* (OPTs) = H (ITX(S)).

Proof. By extending the result of Lemma|l|to a finite collec-
tion of PMFs, we have that the glb of any finite collection of
PMFs i.e., A S is an aggregation of the comonotone coupling
constructed in Algorithm 1, T1.(S), i.e., IT}(S) C AS thus
II}(S) < AS. Here, we will show that if each element of
A S is split equally into m parts then the resulting vector is
majorized by the comonotone coupling vector i.e.,

1 1
L L 1
/\S@( ) < IIH(S) = /\8. (51)

Using the Schur concavity of the Rényi entropy allows us to
prove our result. Detailed proof appears in Appendix [

In the next corollary, we strengthen the result of Theorem
by providing a distribution-dependent worst-case approxima-
tion guarantee on the comonotone coupling in Algorithm

Corollary 2. Under the assumptions of Theorem [Z let NS =
(w1, ..., wy,) denote the glb of S and s = |supp (A S) |. Then,
for every order o € [0, x),

H}(OPTs) < Ho(TIX(S))
< H} (OPTs) + 2 (AS).

where, for 0 < a < oo with a # 1,

1 w + mlfoz 7?_ w
Ea (/\ 8) = IOg - n ZJ_Z : ’
11—« Do W

(52)

and

- (/\3) g LMD

S

€1 (/\S) = (1 —w)logm,
€00 (/\8) =0.

We have that €., (\S) is monotonically non-increasing in o
and e, (N S) < logm, for every order o € [0, <]

The proof appears in Appendix [H} Now, we state sufficient
conditions and present examples of collections of marginal
PMFs for which Algorithm 1 is optimal.



Corollary 3. Let S = {p(W}™, be a collection of ordered
PMFs, and let B; denote the cumulative breakpoint set of

p¥ ie, B = {x €(0,1):zx= Zlep(i)7 ken-— 1]}

J
Suppose there exists an r € |[m| such that B, = |J;-, B;.
Then, Algorithm 1 is optimal.

Proof. Let us suppose that B, = |J;—, B;, for some r € [m)].
Then, the breakpoint set in our Algorithm [I]is exactly {0, 1}U
B,.. Therefore, the consecutive differences between these
breakpoints are the positive entries of p("). Consequently, the
output coupling has sorted PMF vector IT}(S) = p(").

On the other hand, for every feasible coupling II of the
marginal PMFs in the set S, the marginal p(") is an aggrega-
tion of II. Therefore, we have IT* < p("). By Schur concavity
of the Rényi entropy, we have

Ho(T) > Ho(p™) = Ho (TIX(S)),  Va € [0,00].

Thus, Algorithm [I|minimizes the joint Rényi entropy for every
order a € [0, ). O

The condition in Corollary [3 corresponds to the case
where the partition induced by one marginal PMF refines
the partitions induced by all the other marginal PMFs. Under
this condition, Algorithm [1| does not split any positive mass
of the finest marginal and therefore attains the marginal
entropy lower bound. However, the above condition does not
guarantee the optimality of the greedy coupling algorithm for
finite orders of the Rényi entropy. Example 4 in Appendix [l
explicitly provides an instance in which the condition holds,
but the greedy coupling algorithm splits an atom of the finest
marginal and produces a coupling with strictly larger entropy
than the comonotone coupling in Algorithm [T}

Furthermore, the condition in Corollary [3] is sufficient but
not necessary for optimality of Algorithm (I} In Examples 1
and 2 of Appendix [ we show that no single marginal
breakpoint set contains all the others (i.e., the condition of
Corollary [3] is not satisfied), yet the sorted comonotone cou-
pling vector coincides with the information-spectrum lower-
bound distribution @Q*, which proves that Algorithm [I] can
be optimal even when the condition in Corollary [3| does not
hold. However, we also show via Example 3 (Appendix [I)
that Algorithm [I] can remain suboptimal for Rényi entropies
of every finite positive order o > 0.

B. Information-theoretic distance metrics
Let x,y € P,. Inspired by the work in [53]], we define the
following distance
dii(x,y) & Ho(x) + Ha(y) = 2Ha(x Vy)
di,(x,y) £ To(x) + Taly) = 2Ta(x V'y)

(53)
(54)

where H, () and T, (-) denote the Rényi entropy and Tsallis
entropy of order v € [0,00) . Using Schur concavity and
supermodularity results in previous sections, we can show that
d®(-,-) and d%(-,-) are distance metrics on P,, for the ranges
of « stated in the following theorem.

Theorem 8. Let d%(x,y) and dL(x,y) be the distances as
defined in (53) and (B4), respectively. Then, d%(x,y) is a

metric for every a € [1,00) while d(x,y) is a metric for
every a € (0,00).

Proof. The proof is deferred to Appendix [} O

For o — 1, the distances df(x,y) and d%(x,y) reduce to
the Shannon-entropy based distance d(x,y) = H(x)+H (y)—
2H(x Vy), studied in [53]. This metric family also admits a
natural interpretation as a measure of wealth inequality in a
population. These entropy-based measures are also used to
quantify biological diversity [54]. Let u,, = (1/n,...,1/n)
denote the uniform PMF. Since, the lub x V u,, = x, we have

IR(x) = df(x,u,) = logn — H,(x), (55)

IT'(x) = d¥(x,u,) = L — T (x). (56)

a—1
Thus, a larger value of I*(x) or IT(x) suggests that the
income in a population is more concentrated and therefore
indicates higher income inequality in the population. Here
x denotes the normalized wealth of the population. We also
observe that I and I are transformations of the generalized
entropy index [55]], whose special case includes the Theil
index used in analyses of income inequality [56], [S7]. Let
w denote the un-normalized wealth vector and let x € P,
(where x; = w;/ Z?=1 w;) be the corresponding normalized
wealth vector, then for finite o > 0, we have

Ii(x) -

log (1 + a(a — 1)GEq(w)) (57)

(58)

a—1
IT(x) = an'~* GE,(w)

where GE, (w) is the generalized entropy index of the pop-
ulation. We interpret the above expressions by continuity at
«a = 1, in the limit.

The quantities 77 (x) and I (x) compare a population only
to the egalitarian (uniform) benchmark u,, and therefore,
recover generalized-entropy-type inequality index. In contrast,
the distance metrics dZ(x,y) and dZI(x,y) compare two
arbitrary populations x and y. Unlike the generalized entropy
index, which compares a population only to the egalitarian
benchmark, the proposed metrics form a geometry on the
space of income distributions, allowing comparison between
any two populations directly. This enables clustering of pop-
ulations, comparison of inequality profiles across countries or
time, and detection of distributional differences that may be
hidden by a single index such as generalized entropy index,
Gini index, or Atkinson’s index. A systematic empirical study
of these metrics would be a future direction. More broadly, the
distance metrics dZ and d’ can be used to compare arbitrary
PMFs, making them useful even beyond econometrics for PMF
truncation, guessing, and quantum entanglement.

C. Optimal Transport and Entropic Regularization

Our results also have applications to discrete optimal trans-
port (OT). Let p, q € P,. Further, let C(p,q) denote the
set of all couplings of p and q, and let C € R"™*"™ be a
cost matrix. The OT problem mingee(p,q)(C, II) admits an
optimal solution at a vertex of the transportation polytope.
Since the bipartite support graph of every vertex is a forest [[50,



Sec. 3.4.1], Proposition [T] applies to every vertex optimal plan
IT*, including those obtained by the network simplex method.
Therefore, for every a € [0, 00) we have

To(IT*) + Ty (21 ) < To(p) + Ta(q) (59)

where z- is the PMF of the Gacs—Ko6rner common part under
the coupling (X,Y’) ~ II*. Since T,,(zr1+) > 0, we also have
T, (IT*) < Ty (p) + Tw(q). For a € [0, 1), the function (with
t>0) )

—

Palt) = 7= log(1+ (1 —a)t),
is increasing and concave, with ¢, (0) = 0, and is therefore
subadditive. Using H,, = ¢4 (T, ), we obtain

H,(IT*) < Ho(p) + Ha(a), (60)

for a € [0,1], where o = 1 follows from the subadditivity of
the Shannon entropy. The restriction to vertex optimal plans
is relevant here because Rényi entropy is not subadditive over
arbitrary couplings for @ € (0, 1). In particular when C = 0,
every coupling is cost-optimal, so need not hold for every
optimal transport plan.

Next, we consider Shannon entropy regularization in opti-
mal transport [58]. For € > 0, let

II. = argmin {(C,II) — cH(II)},
leC(p,a)

(61)

and let IT* now denote any cost-optimal plan for the classical
OT. By the optimality of Il and II* for their respective
problems, we have that

0<(CI) — (C,II*) <e[H(IL.) — H(IT")].  (62)

We already know that every coupling aggregates to p and ¢,
and hence IT* < pAq. Consequently, Schur concavity gives us
H(IT*) > H(p A q). Combining this with H(II.) < H(p) +
H(q) yields

0 S <C, Ha> - <O’H*>
<e[H(p)+H(q) —H(pAq)|.

Thus, the majorization lower bound on coupling entropy al-
lows us to upper bound the additional transport cost introduced
by regularization, using only the marginal PMFs. Moreover,
H(p Aq) > max{H(p), H(q)}, so the upper bound in
is no larger than ¢ min{H (p), H(q)}. The improvement is
strict whenever p and q are incomparable i.e., pAq < p and
P A q < q, by strict Schur concavity of the Shannon entropy.
The upper bound in (63) can be further improved by replacing
H(p A q) with H(Q*), where Q* is the distribution defining
the tighter information-spectrum based lower bound derived
for the minimum entropy coupling in [20].

Finally, our Theorem [T] relates the limiting OT plans of (61)
when the comonotone coupling Il (p,q) is the unique cost-
optimal plan. A sufficient condition is that the cost function C
is strictly Monge in the indexing used to construct Il (p, q),
ie.,

(63)

Cij+Cypjy < Ciyp +Cypy,  i<i', j<j.

Under this condition, the comonotone coupling is an optimal

OT plan [59]. The strictness condition rules out crossing
pairs (i.e., cells (4,5') and (i/,j) with ¢ < ¢, j < 7/,
both in the support) in the support of any optimal plan,
and the comonotone coupling is the unique coupling without
such crossings. Recall that our indexing places masses in the
marginal PMFs in non-increasing order. For one-dimensional
costs ¢(x,y) = | — y|", with r > 1, the optimal plan is the
comonotone coupling in the spatial order of the points in the
support set. This agrees with our II.(p, q) when both marginal
PMFs are non-increasing in that spatial order.

When II.(p,q) is the unique cost-optimal plan, II. con-
verges to II.(p,q) as € — 0, and to the independent coupling
IIi(p,q) as € — oo [50, Prop. 4.1]. Our Theorem [I| orders
these limiting OT plans through majorization, i.e., H,l(p7 q) =
I} (p, q). Therefore, we have

Ho(le(p, q)) < Ha(IL(p, q)) (64)

and

To (Hc(p7 CI)) <T, (Hl(pa q))a (65)

for a € [0,00] and a € [0, 00), respectively. For Shannon
entropy, the difference between these endpoint entropies is
the mutual information under the comonotone coupling. If
the cost-optimal plan is not unique, the limit as ¢ — 0 is
instead the optimal transport plan with the maximum Shannon
entropy [50, Prop. 4.1].

VII. CONCLUSION

In this paper, we studied entropic inequalities on the ma-
jorization lattice using couplings and the geometry of Lorenz
curves. We established a majorization relation between the
comonotone and independent couplings of ordered marginal
PMFs and proved a strengthened Tsallis entropy inequality
involving the Gacs—Korner common part for the couplings
which induce a forest-supported bipartite graph. Using these
results, we showed that both Rényi and Tsallis entropies are
subadditive on the majorization lattice. We also characterized
their supermodularity properties, showing that the two families
behave differently for orders a € (0, 1).

Further, we also considered applications of our results
to minimum Rényi entropy couplings, distance metrics, and
optimal transport. For the coupling problem with m marginal
PMFs, we provided a polynomial-time construction of the
comonotone coupling whose Rényi entropy is within logm
nats of the optimum for every finite order. Further, we ob-
tained a sharper distribution-dependent bound and established
optimality for min-entropy. Our supermodularity results helped
us to establish two families of distance metrics on ordered
PMFs, with connections to the generalized entropy index used
to measure income inequality in econometrics. In optimal
transport, we showed that every vertex optimal transport plan
satisfies the strengthened Tsallis inequality, and we upper
bounded the additional transport cost under the Shannon
entropy regularization in terms of the marginal PMFs.

A direction for the future work is to study how the order of
the Rényi as well as Tsallis entropy affects the behavior of the
proposed distance metrics and their usefulness in comparing
income distributions and diversity of populations. It would



also be interesting to identify conditions under which the
strengthened Tsallis inequality holds for couplings whose
support graphs contain cycles for a € (0, 1), and to investigate
whether the coupling inequalities developed here yield useful
guarantees for OT under different regularizers.
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APPENDIX
A. Proof of Lemma
Proof. Given p,q € P,. Let U be a uniformly distributed
continuous random variable on [0, 1] i.e., U ~ Unif([0, 1]).

Now, define random variables X and Y on the support set
{1,2,...,n} as

i
X £ min i:ijZU
j=1

i
Y £ min i:quzU
j=1

Thus, we have that X ~ p, Y ~ q and they are coupled
through the random variable U. Thus, the joint distribution of
(X,Y) is the comonotone coupling of p and q.

Now, let us define Z £ max(X,Y) and W = min(X,Y).
We will show that Z ~ p A q and explain how the PMF of
W determines p V q. We have,

P(Z<i)=P(X <i,Y <)

=PlU<Y pU<) g (66)
j=1 j=1
i i
=P|U<ming > p;,Y g (67)
j=1  j=1
= min ij, Z q; (68)
j=1  j=1
Therefore,
P(Z = i) = min ij,qu
j=1  j=1
-1 i-1
— min ij, Z q; (69)
j=1 j=1

From , we have that 7 ~ p A q. Consequently, for all
k € [n],

Pra) (k)= > T(p,a)ij)  (70)
(¢,7): max(¢,5)=Fk
Similarly, we have that
PW<i)=PX <iorY <i)
=P USijorUSqu (71)
j=1 j=1
=P | U <max ij7qu (72)
j=1  j=1
= max ij, Z 4 (73)
j=1  j=1

Therefore,
P(W =) = max ij,qu
j=1  j=1

(74)

i-1 il
Sy} pi D4

j=1  j=1
From (@), we have that W ~ 3} 4. Consequently, for all k €

.
2

(i,5): min(i,5)=k

Bp,a (k) = He(p, q)(i, 4) (75)

The lub p V q is obtained by taking successive differences of
the LCM of the cumulative sum curve of f8p q. O

B. Proof of Theorem ]

Proof. Given p, q € P,. Let II(p,q) and Il (p, q) denote
the independent coupling and the comonotone coupling, re-
spectively. Further, we use Hli(p,q) and 1T} (p, q) to denote
the independent and the comonotone couplings as vectors
(PMFs) arranged in the non-increasing order.

Fix a k € [n?]. Consider the top-k largest masses of the
independent coupling II,(p, q). Since p and q are sorted in the
non-increasing order, for ¢/ <4, j/ < j we have that p; q;; >
p;iq;. Since p and q are arranged in non-increasing order, the
k largest masses can be selected so that their index set D
is a Young’s diagram, breaking ties accordingly. A Young’s
diagram is a left-justified arrangement of points in rows whose
lengths form a non-increasing sequence.

Let D denote the optimal set of top-k masses i.e., |D| = k,
which is a Young’s diagram. Now, let’s say D uses ‘a’ rows
and ‘b’ columns of the independent coupling matrix, then it
completely lies inside the rectangular block [a] x [b]. Thus,

k
Z 0 (p,@)(i) = Y pig

(i,5)€D
< > pig (76)
(4,5)€la]x[0]
=Y ] D (77)
i<a j<b
<mind > pi Y q (78)
i<a j<b

Now, we consider the same rectangular block [a] x [b] within
the comonotone coupling matrix and show that it contains
exactly the mass in the RHS of (78).

Recall from the proof of Lemma [I] that the comonotone
coupling is the coupling between the random variables (X,Y)
where X ~ p and Y ~ q, generated in the following manner

U ~ Unif([0, 1])

i
X&mindi:y p>U
j=1



%
Y Emindi:» ¢ >U
j=1

Therefore, we have that

e(p, q)([a] x [0]) =P(X <a,Y <b)

a b
=P{U<Y p U< g | (9
j=1 j=1

—min{ > pi, Y g

i<a 7<b

(80)

To complete our proof, we will now show that the rectangular
block [a] X [b] in the comonotone coupling has at most & non-
zero elements.

First, note that the comonotone coupling is supported on a
monotone path through the matrix i.e., any north-east element
or the south-west element around a non-zero element is zero.
Thus, it starts from the north-west corner (top-left) of the
matrix as the first nonzero cell, the next nonzero cell is
obtained by moving (%,j) — (¢ +1,7) or (¢,5) — (4,5 + 1).
But if a row and column are exhausted simultaneously, the
next nonzero can be (i,5) — (i + 1,7+ 1). Consequently, the
rectangular block [a] x [b] aligned in the north-west corner has
at most @ + b — 1 non-zero elements.

Recall the Young’s diagram formed by the top-k elements of
the independent coupling matrix, which is tightly enclosed by
the rectangular block [a] x [b]. Therefore, D entirely contains
the first row of length b and the first column of length a, which
implies that k = |D| > a + b — 1. As a result, using
and (80) we have

k
D Ty (p,a)(i) <min Y pi Y g 1)
i=1 i<a  j<b
a+b—1
< ) I(p.q)(i) (82)
”:: 1
< T (p,q)(i) (83)

Therefore, the partial sum of top-k masses of the comonotone
coupling is at least as large as the partial sums of top-k masses
of the independent coupling. Since, the result holds for every
k € [n?], we conclude

I (p, q) < IT¥(p, q).

This completes our proof. O

(84)

C. Proof of Lemma

Proof. Consider a PMF p € P,,. Then, the Tsallis entropy of
P can be written as
= p; — P _

Tu(p) = a—1

i=1

(85)

Z ha(pi)
i=1

and hi(x) := —zlog .

T —x°

where h(z) := 1
o —

Let B, and B denote the sets of cumulative (partial)-sum
breakpoints of the PMFs p and q, respectively. Then, the
common refinement of both the interval partitions is generated
by the set B, U Bg, and its interval lengths are the probability
masses of the comonotone coupling II.(p, q).

Let B = {bg, - , by} be a finite set such that B C [0, 1],
and 0 = by < by < --- < b,, =1 be the ordered elements of
B. Now, define g(B) = (b1 - bo,bg - bl, ces ,bm - bm—l)-
Thus, g(B) is a vector (PMF) of interval lengths induced by
the breakpoints in B. Now, let us define the function F,, (B) :=
T, (g(B)). Then, we note that

Fo(Bp) = Ta(p), Fo(Bq) = Tu(q),

and from the definition of the comonotone coupling (cf.
Section M), we have

(86)

Fo(Bp U Bg) = To(IT¥(p, ). (87)
Therefore, we will now show that
Fo(BpUBq)+ Fo(Bp NBq) < Fo(Bp) + Fo(Bg). (88)

Assume that o € (0,00). If an interval of length a + b is
split into two intervals of lengths a and b, then the increase
in F,(-) is

Ay(a,b) = ho(a) + ha(b) — ho(a + b) (89)
:(a—i—b) —a“ =0 (90)
a—1
For a,b > 0, we have that
0 oz((a—i—b)("*1 —ao‘*l)
—A = 1
5-Bala.d) -~ >0, O

and similarly %Aa(a, b) > 0. Consequently, A,(a,b) is
increasing in both (a, b) for every o € (0, 00), including the
limiting case of & — 1. For a = 0, we have h(0) = 0 and
ho(z) = 1 — x for x > 0. Thus, Ag(a,b) = 1 whenever
a,b > 0. Now, let the cumulative-sum breakpoint set of q be
Bq = {bg =0,b},...,03 =1}. Let B,\ B, = {z1,...,2,},
where r = |By \ Bp|. Set Ay = B, N B, and define A; =
A;—1U{ax,} for t = 1,...,r. Furthermore, let C; = A, U B,
fort =0,...,r. Then A, = By, Cy = B,, and C, = B,UDB,.
Now, when a breakpoint x; is added to A; 1, it splits some
existing interval (of length a;+b;) into two intervals of lengths
a; and b;. When the same breakpoint x; is added to C;_1, we
note that the interval being split is contained inside the former
interval. Thus, it is split into two intervals of lengths, say a}
and b}, where

0< CL; < ay, 0< b; < by. 92)

Since A, is non-decreasing in both the arguments for every
a € [0,00), we get
Fa(ct)_Foz(thl) SFa(At)_Fa(Atfly (93)

Summing over all iterations, ¢ € [r], we obtain F,,(BpUBg)—

Fo(Bp) < Fa(Bq) — Fa(Bp N By). Therefore,
Fo(Bp U Bq) + Fa(Bp N By) < Fo(Bp) + Fa(Bq). (94)

Note that g(Bp U Bg) consists of the positive elements of



the comonotone coupling vector IT}(p, q), up to permutation.
Under the quantile construction of II (p,q), the points in
(Bp N Bq) are exactly the cumulative levels at which both X
and Y change levels simultaneously. Therefore, these points
define the maximal random variable that can be recovered from
both X and Y [49], [60]. Consequently, g(Bp N By) is its
PMF which achieves the Gécs-Korner common information.
Equivalently, we have

T, (It (p,q)) + Tu(2z(p.q)) < Ta(p) + Talq).

where z(p,q) = g(Bp N Bq) and equality holds for a = 0.
(Equality cases). First, note that if o = 0, then for every p
and q we have that (93) and (94) are satisfied with equality.
Consequently, the equality holds in (93).

For any « € [0,00), if either p or q is deterministic, say
p = (1,0,...,0), then we have that B, = {0,1}, and B, C
Bq. Consequently, IT}(p,q) = q and z(p,q) = (1). Thus,
the equality holds in (93)). This completes our proof. O
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D. Proof of Proposition |

Proof. Let G be the bipartite support graph of the forest-
supported coupling II, after removing any zero mass atoms.
Let us assign weight II;; to the edge joining the atoms z;
and y;, of X ~ p and Y ~ q respectively. The connected
component label of G is the Gdcs—Korner common part under
the coupling II [60]. Thus, the total edge masses of its
components are exactly the entries of zp.

Fix a € (0,00), and let h, and A, be as we defined
previously in the proof of Lemma [2| Recall that

Ay(a,b) = ho(a) + ha(b) — ho(a + b)

is non-decreasing in each argument. Consider a tree compo-
nent 7" of the bipartite graph G. For each edge e in 7', let w,
denote its weight, and for each vertex v, let d,, denote the sum
of the weights of its incident edges. Let M =} g7 we,
and define

Dy (T) := Z ha(dy) — Z ha(we) — ha(M),

veV(T) e€E(T)

By applying induction on the number of edges, we will show
that D, (T") > 0. If T consists of a single edge, both incident
vertex masses equal the edge weight M, and therefore we have
D, (T) = 0. Otherwise, choose a leaf of the tree 7', namely
a vertex incident to exactly one edge. Remove this vertex and
its incident edge, whose weight we denote by a. Let b be the
total incident mass at the neighboring vertex before removal.

The remaining graph is a nonempty tree 7", with total edge
mass M — a. The neighboring vertex has incident mass b —
a, while all other remaining vertex masses are unchanged.
Consequently, we have

Do (T) — Do(T") = ha(b) — ha(b—a)
—ho(M) + ho(M — a)
=Ay(a, M —a) — Ay(a,b—a)
>0,

where the last inequality follows from the fact that b < M
and the monotonicity of A,. By the induction hypothesis, we
have D, (T') > 0, which therefore implies D, (T) > 0.

Summing this inequality over all tree components of the
bipartite graph G, the vertex masses give the positive entries
of p and q, the edge weights give the positive entries of II,
and the component masses give zr. Thus,

Ta(Hi) + Toz(ZH) < Ta(p) + Ta(q)'

(Equality case). Consider o = 0. Let Ng, Ny, and ¢ denote
the numbers of edges, vertices, and connected components of
G, respectively. Since G is a forest, we have Ng + ¢ = Ny.
Using Ty(r) = |supp(r)| — 1, we obtain

To(I) + To(zm) = (Ng — 1) + (¢ — 1)
— Ny —2
= To(p) + To(q)-

This proves our desired inequality for every a € [0, 00), with
equality at o = 0. O

E. Proof of Theorem 3]

Proof. We prove our result in three steps. First, we provide a
fixed pair of PMFs (Example E.1) for which submodularity
fails for every @ € (0,1). Then, we give a perturbation-
based construction showing that, for every fixed a € (0,1),
there exists a pair of PMFs for which supermodularity fails.
Both constructions use PMFs of support size three. Finally, we
provide a fixed four-coordinate PMF pair (Example E.2) and
numerical values illustrating the failure of supermodularity for
a € (0,1).
Given p,q € P,, let us define,

Aa(p,q) £ Ho(pAq) + Ho(pV q) — Ha(p) — Ha(q).

Now, given an order o, we note that supermodularity is equiv-
alent to A, (p,q) > 0 for all p,q € P,,, while submodularity
is equivalent to A, (p,q) < 0 for all p,q € P,,.

Example E.1 - Pair with A,(p,q) > 0. Let p,q € P53 be

p = (0.60, 0.20, 0.20),
q = (0.45,0.40,0.15).

Consequently, the glb (p A q) and lub (pV q) of p and q are
w 2 p Aq=(0.45,0.35,0.20),
z 2 pVq=(0.60,0.25,0.15).

For illustration, the corresponding numerical values of
A, (p,q), computed using natural logarithms are

o Aa(p,q)
0 0
0.2 | 0.00580417
0.5 | 0.01387056
0.7 | 0.01882329
0.9 | 0.02343356
1 | 0.02560746
2 | 0.04204643
00 0
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Now, we prove that this fixed pair (p, q) satisfies A, (p, q) >
0 for every « € (0, 1). Fix an o € (0,1) and let us define

O (u,v) = Hy(u,v —u, 1 — )

for 0 < u < v < 1. Further, let us write a = u, b = v — u,

c=1-—v,and s = a® + b® + ¢*. Then
1
&, (u,v) = log s.
(u,v) —logs
Consider the rectangular area R = [0.45,0.60] x [0.80, 0.85].

Throughout this rectangle, we have that a > b > ¢ > 0, while
its four corners correspond to the PMFs w, z, p, q, giving
Aq(p,q) = Q(O 45,0.80) + ®,(0.60,0.85)
«(0.60,0.80) — ®,(0.45,0.85)

/0 60 /0 8 2%,
0.4 0.80 8U 8'[}
To determine the sign of the integrand, let us further define

x=>b"1—q> 1 and Y= ¢ 1—p2=1 Sincea>b>c>0
and a—1 < 0, we have x, y > 0. On differentiation, we obtain

(u,v) dv du. 97)

9%, B ab®2 B a’xy
Ou Qv s (1-a)s?
— ab:_2 (1-R), (98)
where no -,
(a2

Then, by the mean value theorem we have z < (1 — «)(a —
b)b*=2 and y < (1 — «)(b — ¢)c* 2. Moreover, throughout
the rectangle R, we have a — b < 0.40, b — ¢ < 0.25, and
¢ > 0.15. Using s > 2¢® and a1 — «) < 1/4, we obtain the
following

0<p< =0 —Sb)(b o)
a(l —a)(a—0b)(b—c)
a 2¢2
(1/4)(0.40)(0.25) _ 5
ST o012 9t

Therefore, we have
9, 4 ab*—2
>
oudv — 9 s

throughout the rectangular set R. It follows from (97) that
A (p,q) > 0, for every « € (0,1). Hence, the Rényi entropy
H, is not submodular on P5 for any o € (0,1).

>0

Now, we show that for every fixed « € (0, 1), there exists
a pair of PMFs supported on a set of cardinality three such
that A, (p,q) < 0. Fix an a € (0,1) and consider

(a,b,c) = (0.60,0.40 — ¢, t).

where ¢ € (0,0.20). This vector is strictly decreasing and
strictly positive, with cumulative sum coordinates v = 0.60,
and v = 1—t. Using the same notation of s, x, y as introduced
above, as ¢t — 0 we have that s — 0.60% + 0.40¢ > 0,
z — 0.40°7' —0.60>"! > 0, y — +o0. Consequently, the

term ab®~2/s is bounded in (©8), while —a’zy/((1 — a)s?)
tends to —oo. Thus

0%,

Ou Ov
Now, choose ¢y € (0,0.20) sufficiently small that the mixed
derivative is strictly negative at (0.60,1 — ¢p). Set x =
(a,b,¢) = (0.60,0.40 — to,t9), A = a, B = a + b. Since
a > b>c >0, the point (A4, B) lies in the open region

ast — 0.

(0.60,1 —t) — —oo (99)

DE{(w,v):u>v—u>1—v>0}

By continuity, there exist £,7 > 0 such that the rectangle
[A,A + ¢] x [B,B + n] is contained in D and the mixed
derivative is strictly negative throughout this rectangle. Further,
let us define

Pe = (a+€7b_€70)7
an = (a,b+n,c—n).
Their respective cumulative breakpoint sets are

Bp, ={0,A+¢, B, 1},

By, =1{0,A,B +n,1}.
Since the rectangle is contained in D, the pointwise minimum
and maximum of the cumulative sums both have strictly

decreasing increments. Therefore, on taking the pointwise
minimum and maximum of the cumulative sums we get

P: N4y = X,
p-Va,=(a+eb+n—c,c—n).

Then, it follows that

(A+s B+n)+ ®.(A, B)
A+€B) a(AaB+77)

1 92
// 8u3

Consequently, we see that the supermodularity property is

violated. Since o € (0,1) was arbitrarily chosen, this con-

struction proves that H, is not supermodular on Ps for any

a € (0,1). The choices of tg,e,n, and hence of the pair

(Pe, ¢y) may depend on «. For illustration, the following fixed

four coordinate pair has a negative gap at selected orders
€ (0,1).

Example E.2 - Pair with A, (p,q) < 0. Let p,q € Py be

Aa(psa qn) =

(A+o0,B+7)drdo
(100)

= (0.42,0.28,0.20,0.10),

= (0.40, 0.30, 0.22, 0.08).
Their first three cumulative sums are (0.42,0.70,0.90) and
(0.40,0.70,0.92), respectively. The pointwise minimum and
maximum again have decreasing increments. Consequently,
the glb and lub are
(0.40,0.30,0.20,0.10),
(0.42,0.28,0.22,0.08).

Wép/\q:
z2pVvq=

For illustration, the corresponding numerical values of
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Aa (p7 q)

Fig. 1. Modularity gap for Rényi entropy, A« (p, q), in Example E.1.

o As(p,9)
0 0
0.2 | —5.0348184 x 10~
0.5 | —1.8208862 x 105
0.7 | —1.9885069 x 10~ (101)
0.9 | —1.0017001 x 105
1 0
2 2.4803125 x 10~4
0 0

Therefore, through Example E.1 we showed that A, (p,q) >
0 for every o € (0,1), disproving submodularity on Ps.
The three-coordinate PMF perturbation construction gives, for
every fixed a € (0,1), a pair with A, (p,q) < 0, disproving
supermodularity on Ps;. Example E.2 further illustrates this
failure of supermodularity through a fixed four-coordinate pair
whose modularity gap is evaluated at selected orders in (0, 1).
Embedding these three-coordinate examples in P,, helps us
to establish that H, is neither supermodular nor submodular
for every n > 3 and every o € (0,1). This completes the
proof. O

F. Proof of Theorem [6]

Proof. Our proof method is based on studying the Lorenz
curves of p, q, p A q, and p V q. We handle the cases of
a < 1 and o > 1 separately below.

(Proof for o € (0,1)). Let So(p) := Y i p%, as defined in
the proof of TheoremE} Further, let Ly, Lq, Lw, Ly, m, and
M be also as defined in the proof of Theorem ] Then we
have that,

/n(m'(t))o“d’f +/n(M’(t))"dt = Sa(p) + Sa(q).
0 0
(102)

10-4 Example E.2

-107°

[|— Aa(pv q)

Aa (p7 q)

Fig. 2. Modularity gap for Rényi entropy, A« (p, q), in Example E.2.

Now, fix an interval I, £ (k — 1, k). Then, m is a piece-wise
linear concave function within I while L., is a straight line
joining m(k — 1) to m(k). Thus,
k
= / m/(t)dt
k—1

k)—m(k—1

Lo gy = M) = m(k =)
1

Since © — u® is a concave map for o < 1, using Jensen’s

inequality we obtain

@umaz/

k—1

k
m/(t)*dt (103)
Now, we consider the function A in the same interval Ij.
Unlike m, M is a piece-wise linear (not necessarily concave)
function while FY is a straight line joining M (k—1) to M (k).
If Ij; has no non-integer crossings, then F. (t) = M’(t).
However, if there are crossings then M is convex and we
need to concavify it to get F3,. Thus,
M(k) — M(k—1 F
Frggy = MO = M=)
1 k-1

M’ (t)dt

Since © — u® is a concave map for o < 1, using Jensen’s
inequality we have

(R = [

k—1

E
(M'(t))~dt (104)
Now, if F, is a piecewise-linear concave function, then it is the
lub L. Otherwise, it needs to be concavified and consequently
the lub L, is the least concave majorant (LCM) of F.,.
Therefore applying Jensen again over the pooled intervals
used by the LCM operation, we get

5. = [ (@) ar (105)
zA(H@Pﬁ (106)
> jﬁ (M’ (t))* dt. (107)



On summing (T03) over all intervals Ij, for k € [n] and
using (107), we obtain

Sa(w)+Sa(v)2/On(m’(t))“dt+/On(M’(t))"‘dt (108)

Therefore, from (102 we have

Sa(W) + Sa(v) = Sa(p) + Sala). (109)
Recall that T, (x) := 175:‘1("), therefore we have that
1=8a(w)+1—8,(v) <1—84(p)+1—5Sa(q) (110)

Since v — 1 < 0, on dividing both sides by o — 1 we obtain

]-_Sa(w) + ]-_Soz(v) 2 ]-_Soé(p) + 1_Sa(q)
a—1 a—1 a—1 a—1

(111)

Therefore,
To(p) + Tola) < To (W) + Tu(v).

This completes our proof and shows that Tsallis entropy is
supermodular for the case of o < 1.

(Proof for oo > 1). The proof for the case of o > 1 directly
follows from the proof of Theorem Let So(p) == > i, b,
as defined in the proof of Theorem[z_f} Thus, from @]) we know
that for oo > 1,

Sa(W) + Sa(v) < Sa(p) + Sal(a),

where w := p A q and v := p V q. Recall that T, (x) :=
%ﬁfx), therefore we have that

(112)

(113)

1-8,(W)+1—=8,(v) >1—=8.(p)+1—Sa(q) (114)
Since v — 1 > 0, on dividing both sides by o — 1 we obtain

1—Sa(w) | 1-S54(v) > 1-S8a(p) |, 1—5Sa(a)
a—1 a—1 — «oa-1 o —

1
(115)
Therefore,

To(p) + To(q) < To(w) + To(v). (116)

This completes our proof and shows that Tsallis entropy is
supermodular for the case of a > 1. The o — 1 case follows
due to the continuity of Tsallis entropy in order a.
(Modularity for a = 0). Let a := |supp(p)| and b :=
|supp(q)|, where a,b < n. For o — 0, we have |supp(p A
q)| = max(a,b) and |supp(p V q)| = min(a, b). Therefore,

To(p A Q)+ To(p VvV q) = max(a,b) + min(a,b) —2 (117)

=a+b—-2 (118)
=To(p) + To(q). (119)
This completes our proof. O

G. Proof of Theorem|]]

Proof. We are given the collection S := {p("}7,, where
every p( has at most 7 states. In order to prove our result,
we will show that if each element of A\ S is split equally into
m probability masses, then the resulting mn length vector is

majorized by the comonotone coupling vector i.e., if u € Py,
such that u = ( Lo, %) is the uniform PMF, then

m’

NS @u < IKS). (120)
For every k € [n], let
}k: (@)
T, = min ! (121)
b 1€[m)] j:lp]

Now fix a k € [n]. Then, consider the interval (0,T%] in the
comonotone coupling. Let ¢* denote the index of the marginal
PMF achieving the minimum in (T21). Then, p(") contributes
at most k distinct breakpoints in (0, 7], including the endpoint
T}, while each of the other m — 1 marginal PMFs contributes
at most k — 1 distinct breakpoints strictly inside (0,7} ). The
endpoint T}, is counted only once, even if it is shared by several
marginals. Thus, the interval (0, T%] has mass T}, and contains
at most m(k — 1) + 1 distinct breakpoints i.e., at most m(k —
1) + 1 atoms of the comonotone coupling. Consequently, for
the ‘largest” m(k — 1) + 1 atoms of the comonotone coupling
we have that

mkfl) ML) = T = ij (As)G) (122)
g(/\é’@u) () (123)
zmkfl) (/\S@u) () (124)

where (I22) follows from the definition of the glb A S,
and holds as each element of A S is equally split into
m equal parts. Furthermore, using (123), we can strengthen
the inequality in (I24) to obtain the following,

mk mk—1
Y IEG) > > TG) (125)
=1 j=1
mk—(m—1)
> I (4) (126)
j=1
mk
>3 (Aseu) () (127)
i
> (/\8®u) ) (128)
j=1
mk—(m—1)
> ) (/\S@u) G) (129
j=1

On iterating over all k € [n], we have that the partial sum of
IT} is always at least as large as the partial sum of A S ® u,



i.e., for all r € [mn],

3 (As@u) () < SG) (130)
j=1 j=1
which implies
A\S @u = IX(S) (131)
By Schur concavity of Rényi entropy we have
Ho(T4(S)) < Ho (\S @ u) (132)
—H, (/\S)—i—Ha(u) (133)
—H, (/\8) +logm (134)
< H(OPTs) + log m. (135)

Here (I33) holds from noting that u is independent of A\ S and
the additivity of Rényi entropy for product distributions. (I33])
holds due to the fact that A S yields a lower bound on
the Rényi entropy of the optimal coupling i.e., H, (AS) <
Optimality for o = co. We will now show that the comono-
tone coupling is optimal for the min-entropy. For any coupling
IT € C(S), we know that every probability mass of IT is upper
bounded by the largest mass of each marginal PMF. Thus,
IITT||ee = max IT; < min maxp() (136)
i€[n™] i€[m] j€[n]

Moreover, note from Algorithm 1 that the first element (also

the largest element) of the output comonotone coupling vector
IIX(S) is

H;L(S)(l) = min maxpg 2 (137)
i€[m] j€[n]
Therefore,
ITIe(S)]| oo = min maxp() = sup ||||oo- (138)
i€[m] j€[n] ec(s)

Since Hoo(II) = —log |||, thus maximizing the largest
probability mass is equivalent to minimizing H ... Therefore

H(II.(S)) = leclf H., (M) = H: (OPTy). (139)
€
This completes our proof of our theorem. O

H. Proof of Corollary [2]

Proof. Let us define the PMF v by splitting every atom of
A S into m equal parts, except the first atom,

m m

We will show that v < TT}(S) < A S. Let us use the shorthand
¢ = I1}(S) and ry, = 1+m(k—1). The breakpoint set analysis
in Appendix [G] gives us

TR SIS o

Jj=1 Jj=1

The linearly interpolated cumulative-sum curve of c is con-
cave, while that of v is linear between consecutive indices 7.
Consequently, the same inequality holds at every intermediate
index, which allows us to prove v < c. The majorization order
c < A\ S follows because every feasible coupling is majorized
by each marginal and therefore also by their glb. Thus, by
Schur concavity,

Hy(c) < Ho(v)

= Ho (\S) +2a (A\S)
< Hy(OPTs) +2a (\S),

where the expressions for ¢, (/\ S) can be computed directly.
Furthermore, the bound e,(/ S) < logm and monotonicity
in « can be verified from the computed expressions. O

1. Optimality and Suboptimality cases for Algorithm 1

We only consider examples with two marginal PMFs p and
q. We compute different lower bounds (converses) and upper
bounds (achievable constructions) to compare them.

e Example 1: In this example, we show that both the
comonotone coupling as well as the greedy coupling match
the information-spectrum lower bound @* in [20]. Therefore,
both algorithms are provably optimal. Let p = (p, 1 — p) and
q = (q,1 — q) such that p,q € [1/2,1) and p > ¢q. Then,
we have that p A q = q. The stronger information-spectrum
based lower bound Q* is

Q* = (¢;max(p — ¢,1 — p),min(p — ¢, 1 — p))

Among the achievability results (coupling constructions), we
compute the comonotone coupling - IT} (our Algorithm 1),
greedy coupling - Hé ( [22]), glb (greatest lower bound)
splitting based coupling - Hécv (_[51]), and the geometric
splitting based coupling - Hti ( [18]). Consequently, we get
that

|
=
nl

I

c g

1
Mgy
_
= I
(¢; max(p — ¢,1 — p), min(p — ¢, 1 — p))
= Q*.
Thus, all the above existing approximation algorithms are
optimal (for Rényi entropy of any order o € [0,00]) for a

collection of two Bernoulli marginal PMFs. This is not true
in general for a collection of more than two PMFs.

o Example 2: In this example, we show that the comonotone
coupling matches the information-spectrum lower bound Q*,
and therefore is optimal. However, the greedy coupling algo-
rithm is suboptimal for every finite Rényi order @ € [0, 00).
Consider the following PMFs,

= (0.6,0.3,0.05,0.05),
= (0.35,0.25,0.2,0.2).



Among, the converse results (lower bounds), we have

p A q=(0.35,0.25,0.2,0.2),
Q* = (0.35,0.25,0.2,0.1,0.05,0.05)

Among the achievability results (coupling constructions), we
compute the comonotone coupling IT} (our Algorithm 1),
greedy coupling Hé (see [22]]), glb (greatest lower bound)
based splitting coupling Hécv (see [51]]), and the geometric
splitting based coupling Hii (see [I18]).

I} = (0.35,0.25,0.2,0.1,0.05,0.05)
I} = (0.35,0.25,0.2,0.05,0.05, 0.05, 0.05)
e, = (0.35,0.15,0.15,0.15,0.10, 0.05, 0.05)
I, = (0.35,0.15,0.15,0.15,0.10, 0.05, 0.05)
In Figure (3l we plot the Rényi entropy curves H,(-) for

the lower bounds and achievable coupling constructions to
compare the performances of different algorithms.

e Example 3: In this example, none of the coupling con-
structions compared below attains the information-spectrum
lower bound, for finite order Rényi entropy. Nevertheless, our
Algorithm (1| produces the coupling with the smallest Rényi
entropy among these constructions. However, we exhibit a
feasible coupling with strictly smaller entropy than all of
the four constructions for every 0 < a < oo, thereby
establishing their suboptimality in this range. Consider the
following PMFs,

p = (0.36,0.28,0.24,0.12),
q = (0.56,0.16,0.16,0.12).

Among the converse results (lower bounds), we have

p A q=(0.36,0.28,0.24,0.12),
Q* = (0.36,0.20,0.16,0.16,0.12)
Among the achievability results (coupling constructions), we
compute the comonotone coupling IT} (our Algorithm 1),
greedy coupling Hé (see [22]]), glb (greatest lower bound)
based splitting coupling Hécv (see [51]), and the geometric
splitting based coupling Hii (see [18]),
IT¢ = (0.36,0.20,0.16, 0.12,0.08,0.08),
Hé = (0.36,0.20,0.16,0.12,0.08,0.04,0.04),
H%GV = (0.36,0.16,0.16,0.12,0.12,0.08),
Hfi = (0.36,0.16,0.16,0.12,0.12,0.08).

To establish sub-optimality of the existing coupling construc-
tions, we can consider this alternative coupling matrix

036 0 0 0
0 0 016 0.12

020 004 O 0
0 012 0 0

1_[alt =

Its row sums yield p and its column sums yield g, so it is a
feasible coupling of the prescribed marginals. Its sorted PMF

20

vector is

I}, = (0.36,0.20,0.16,0.12,0.12,0.04).

alt —

We observe that this PMF vector majorizes each of the four
coupling vectors above and is distinct from each of them. In
particular, its first four cumulative sums are same as those of
Hﬁ, while its fifth cumulative sum is 0.96, compared with 0.92
for IT¢. Thus, all four constructions are sub-optimal for every
finite o € (0, 00). At order infinity, all four constructions are
optimal, since their largest mass is 0.36, the largest possible
coupling atom for these marginals.

In Figure E} we plot the Rényi entropy curves H,(-) for
the lower bounds and achievable coupling constructions to
compare the performances of different algorithms.

e Example 4: Through this example, we show that the greedy
coupling algorithm may not be optimal under the conditions
of Corollary 3] Consider the marginal PMFs

p = (0.30,0.25,0.20,0.15, 0.10)
q = (0.55,0.45),

with zero-padding for the smaller PMF vector. Their interior
breakpoint sets satisfy

Bq = {0.55} C B, = {0.30,0.55,0.75,0.90}.

Thus, the condition in Corollary [3] holds and Algorithm [I]
produces the output coupling vector

IT¢ = (0.30,0.25,0.20,0.15,0.10) = p.

This coupling attains the marginal entropy lower bound and is
therefore optimal for every order a € [0, 00]. In contrast, the
greedy coupling algorithm outputs

IT} = (0.30,0.25,0.20, 0.15, 0.05,0.05).

Indeed, we observe that the first four allocations have masses
0.30, 0.25, 0.20, and 0.15. The remaining mass of p is
0.10, whereas the two remaining masses of ¢ are both 0.05.
Therefore, the greedy algorithm splits the final atom into two
equal parts. Since Hé is obtained from II} by splitting a
positive atom, the Schur concavity gives us

H,o(Ty) > H, (1Y)

for every 0 < o < oo. The inequality also holds at a = 0. At
a = 00, both couplings are optimal, since their largest mass
is 0.30.

These examples illustrate optimality and suboptimality of
Algorithm |1} and compare it with the other coupling construc-
tions.

J. Proof of Theorem [§]

Proof. Let x,y, z € P,. A distance function d,(x,y) on P,
is said to be a metric if it satisfies the following conditions:
1) Symmetry, i.e., d(x,y) = d(y,x)
2) Positivity, i.e., d(x,x) = 0 and d(x,y) > 0, for every
X £Yy.
3) Triangle inequality, i.e., d(x,y) + d(y,z) > d(x,z).
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Fig. 3. Example 2: Comparison of lower bounds (converses) and upper
bounds (achievable coupling constructions) for minimum Rényi entropy
couplings. We observe that the lower bound @Q* and the comonotone
coupling H% coincide with each other, and Hécv = Hii.

We show that the following properties hold for d¥(-, -) in detail
whereas the analysis for dZ (-, -) follows similarly. We have

df(x,y) £ Ho(x) + Ho(y) — 2Ha(xVy).  (140)

Since x,y < x Vy, both H,(x) — H,(xVy) and H,(y) —
H,(x V y) are nonnegative. For 0 < a < oo, strict Schur
concavity implies that their sum vanishes if and only if x = y.
The symmetry property holds trivially for every « € [0, o).
However, the positivity holds only for o € (0,00), as the
Rényi entropy of order zero only depends on the support size
of the PMFs, and the Rényi entropy of order infinity only
depends on the largest probability mass of the PMF. Next, we
will use Schur concavity and supermodularity (Theorem [) to
validate the triangle inequality. We have,

Ay (x,y) + di(y,z) — dii(x,2)
=2 [H(,(y) + H,y(xVz)
—H,(xVYy) Ha(y\/z)] (141)
> 2[Ha(y) 4 Ha(x v 2)
—Ho ((xvy) Ny V=)
~Ha (xvy) /(v v2) ] (142)

=2| (Ha(y) - Ho (xVy) Ay V2))

+ (Ha(x Vz)— Hy (xVy\Vaz) )] (143)
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Fig. 4. Example 3: Comparison of lower bounds (converses) and upper
bounds (achievable coupling constructions) for minimum Rényi entropy
coupli We ob h: =1t

plings. We observe that IT¢ ., = II};.

=2[A(x,y,2) + B(x,y,2)|
> 0.

(144)
(145)

Here (142) holds for every o € {0} U [1,00] due to the
supermodularity of Rényi entropy on the majorization lat-
tice (applied on x V y and y V z). Furthermore, note that
xVz 2 xVyVz, thus B(X,y,z) > 0 due to Schur concavity.
Similarly, y <X x V y as well as y =X y V z. Consequently,
y = (xVy) A(yVz) and A(x,y,z) > 0, which implies (T43).

We have shown that d%(x,y) satisfies positivity, symmetry,
and triangle inequality for every o € [1, 00). Therefore, it is a
distance metric on P, for all « € [1,00). This completes our
proof. O
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