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Outline

* Majorization [Cicalese et. al ‘02)
O Majorization Partial Order
o It is a lattice!

O Properties of Entropy on the Majorization Lattice

* Applications of Majorization [Sason ‘18 & Cicalese et. al ‘19 ]

O Lower Bound on Entropy of Random Variables

O Strengthening H (f(X)) < H (X)

O Probability Mass Function Truncation

* Future Work



Prelude

Notations

® 5/ : set of all PMFs of size n
@ P C P :setof all ordered PMFs (non-increasing order) of size n

® [ (X)=H,(p) : Rényi entropy of X ~ p
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Prelude

Majorization " <’

® et P,qE P, Sort P,q in the non-increasing order, say p,q € 2. .
® Then,  majorizes P, i.e., p < q if

iPiS i%‘ Vke {1, n;j

® For PMFs of different sizes, pad extra zeros to the smaller one.



Prelude

Majorization " <’

® et P,qE P, Sort P,q in the non-increasing order, say p,q € 2. .
® Then,  majorizes P, i.e., p < q if

iPiS i%‘ Vke {1, n;j

Binary Relation which is:

O Reflexive.
O Anti-symmetric.

O Transitive.



Prelude

Majorization " <’

® et P,qE P, Sort P,q in the non-increasing order, say p,q € 2. .
® Then,  majorizes P, i.e., p < q if

iPiS i%’ Vke {l,,nj

® Majorization is a partial order on &

® (P  <)is called a POSET.

/
n °



Prelude

Majorization Partial Order (glb)

Greatest lower bound w.r.t Majorization, i.e., A :

® givenany p,q € P, pAqis that PMF (If exists !):

O pPAQ=DP.
© pPAQ=q.
O Vre P st.r<p&r=<q,

we also have: T <P A(Qq .



Prelude

Majorization Partial Order (lub)

Least Upper Bound w.r.t Majorization, i.e., V :

® givenany p,q € P, pV qis that PMF (If exists !):

O p=pVvaq.
O q=XpVvq.
O Vre P stp=<r&q=r,
we also have pvV qQ <.
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Prelude

Schur concave / convex functions

® A function f: & — R is Schur convex if it is order-preserving, i.e.,

Vp,.q € £, s.t.p=<q= f(p) < f(qQ)

[



Prelude

Schur concave / convex functions

® A function f: & — R is Schur convex if it is order-preserving, i.e.,

Vp.q € ¥, s.t.p <q= f(p) < f(q)

r e R I e R I e S — e s — A R e R — e R

| ® Renyi entropy (H (- )) is a Schur-concave function, for every a > 0. [MO" 79]

Vp.qe £, s.t.p<q= H,(p) > H/(q)

E— R — R — e e e R — R — R — R e A e e e

Marshall, A.W. and Olkin, I. (1979) Inequalities: Theory of Majorization and Its Applications. Mathematics in Science and Engineering, Vol. 143, Academic Press,
New York.
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|

Majorization Lattice

Majorization Partial Order is a Lattice !

e R R — e I R — e —————— e A e ——————— e — e e — e R — A e E—

Theorem [also Bapat '91]:

The POSET (g’;l, <) with majorization partial order is a Lattice (@;l, <,V.,A)

R S e ——— R ——————————— N A ——————— A ———————— A S R S R S e ——— R S N R

Special class of N
POSET

\ s.t. V.and A exist and /
A are unique.

Bapat, Ravindra B.. "Majorization and singular values. IIL Linear Algebra and its Applications 145 (1991): 59-70.
13



Majorization Lattice

Majorization Partial Order is a Lattice !

i e i - e R e e e i - A

| Theorem:

, The POSET (g’;l, <) with majorization partial order is a Lattice (9’;@, <,V.,A)

Proof Idea:

O p A ( exists in &, for every p,(q € &

/ /
n n
/ /
n n

O pV ( exists in P for every p,q € &

14



Majorization Lattice

Majorization Partial Order is a Lattice !

e R R — e I R — e —————— e A e ——————— e — e e — e R — A e E—

Theorem (Extension) [Bapat 91]:

|

The POSET (g’;l, <) with majorization partial order is a Lattice (@;l, <,V,A).
Indeed, its a complete lattice.

R S e ——— R ——————————— N A ——————— A ———————— A S R S R S e ——— R S N R ———————— B —————————— R S N R ————————— R

Bapat, Ravindra B.. "Majorization and singular values. III Linear Algebra and its Applications 145 (1991): 59-70.
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Majorization Lattice

Majorization Partial Order is a Complete Lattice !

e R — e e — e —— —————— R e e ————— e — e e e — R I

H[ Theorem (Extension):

' The majorization partial order (9’;1, <) is a lattice (@;l, <.,V.,A) Indeed its a
complete lattice.

R — A S e e A ———————— A ——————— A S e ———— A — A S e ———— e ——— e e e ——— e A

Proof Idea:
O A @ exists in P, for every @ C P
O V @ exists in P, for every @ C P

/
n
/

n

16



Majorization Lattice

Properties of Entropy on Majorization Lattice — Supermodularity

® A real-valued function f defined on a lattice (%, <,V , A) is called supermodular
if Va,b € & :

flavb) +flaAb)=fla)+ (D)

17



Majorization Lattice

Properties of Entropy on Majorization Lattice — Supermodularity

® A real-valued function f defined on a lattice (9°, <,V , A) is called supermodular
if Va,b € &£ :

flav b)+flaAb)=f(a)+f(b)

e e e R R e R e e e A —

Theorem:

The Shannon entropy is supermodular on the majorization lattice (g’;l, <,V.,A),
e, Vp,q € &,
Hipvaq) +HpAq) 2 Hp)+ H(q) |

e R R R e e e ——————— R R R R e S e e _?:J
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Majorization Lattice

Properties of Entropy on Majorization Lattice — Subadditivity

® A real-valued function f defined on a lattice (£, <,V ., A) is called subaddditive if
Va,b € &

flavVv b) < fla) + f(b) (w.r.t lub)
fla Ab) < fla) + f(b) (w.r.t glb)

19



Majorization Lattice

Properties of Entropy on Majorization Lattice — Subadditivity

® A real-valued function f defined on a lattice (£, <,V ., A) is called subaddditive if
Va,b € &£

flav b) < f(a) + f(b) (w.r.t lub)
fla Ab) < fla) + f(b) (w.r.t glb)

r e e e e N e e . e . e e e ‘-:ﬂ

Theorem:

The Shannon entropy is subadditive on the majorization lattice (@;l, <,V,A)wrnrt
both glb as well as lub i.e., Vp,q € &,

|
|
H
|
|
Hpvq) <HpAq) < H(p)+ H(q) |

R e — R — e

20



Outline

* Majorization Lattice [Cicalese et. al ‘02]
O Majorization Partial Order
o It is a lattice!

O Properties of Entropy on the Majorization Lattice

* Applications of Majorization

O Lower Bound on Entropy of Random Variables [Sason ‘18]
O Strengthening H (f(X)) < H (X) [Sason ‘18]

O Probability Mass Function Truncation [Cicalese et. al '19]

* Future Work
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Applications

Bounds on Entropy of Random Variables

The Problem:

O Given a discrete random variable X € X,

22



Applications

Bounds on Entropy of Random Variables

The Problem:

O Given a discrete random variable X € X',

: P
O Given 0, where —2£ <5 € [1,00)

Pmin
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Applications

Bounds on Entropy of Random Variables

The Problem:

O Given a discrete random variable X € X',

: P
O Given 0, where —2£ <5 € [1,00)

Pmin

O Comments on Reényi entropy of X

.
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Applications

Bounds on Entropy of Random Variables

The Problem:

O Given a discrete random variable X € X, .

: P
O Given 0, where —2 <€ [l,0).

Pmin 7

O Comments on Rényi entropy of X &

Pmin

Prmax
tan(é) = {(p19p29 9pn) S qun : < 5}

Similarly, 2, (5)
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Applications

Bounds on Entropy of Random Variables

The Problem:

O Given a discrete random variable X € X, .

?

Upper Bound: max H (p)
peEZ . (0)

: P
O Given 0, where —2 <€ [l,0).

Pmin

O Comments on Rényi entropy of X

Lower Bound: min H (p)
pPEZ . (0)
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Applications

Bounds on Entropy of Random Variables

The Problem:

O Given a discrete random variable X € X, .

: P
O Given 0, where —2 <€ [l,0).

Pmin

O Comments on Rényi entropy of X

Upper Bound: max H (p) = log n
pEF,(0)

Lower Bound: min H (p)
pPEZ (0)
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Applications

Bounds on Entropy of Random Variables

The Problem:

O Given a discrete random variable X € X, .

: P
O Given 0, where —2 <€ [l,0).

Pmin

O Comments on Rényi entropy of X

Upper Bound: max H (p) = log n
pEF,(0)

Lower Bound: min H (p) ‘?
&

pEZ,(0)

28



Applications

Bounds on Entropy of Random Variables

The Solution (open-form expression):

- - 1 I
it min H,(p) = min H,(qg) 5 v
N P gy et a) T Tra- n]
O Where (; € @n(ﬁ) such that:
=s1l-m+i0o—-1—-1)p j=1+1 andi*{l_nﬁ‘
q. — — — — — . —
: (0—1F

p jel{i+2,---,n}

29



Applications

Bounds on Entropy of Random Variables

The Solution:

© Givenad>1.Fixap € P, (6) with prin :=f €

| |
l+(m—1)5 n

30



Applications

Bounds on Entropy of Random Variables

The Solution:

O Givenad>1.Fixap E

| |
1+ (m—1)0 n

P (0) with prin 1= €

O Define a PMF (3 € &, (0) such that:

q;

5ﬁ je {1991}
= 1—-m+i5—i—1p j=i+1
D jel{i+2,---,n}
op
i;:[l_nﬁJ Mass
(06— 1)p p

|

31
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Applications

Bounds on Entropy of Random Variables

The Solution:

| |
© Givenad>1.Fixap € P, () with prin .= € —.
P n(0) Pmin :=/ l+(mn—1)0 n]
O Define a PMF q; € &°,(9) such that:
515 _]E {19"°9i}
. . o , 1 —np
g=ql-m+io—i-Df j=i+1 and [ := =1
p j € (i +2..n) NS
O P =qg
5ﬂ ® ¢ ¢ o ?
p
| JL_JL

32
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Applications

Bounds on Entropy of Random Variables

The Solution:

1 1
© Givenad> 1. Fixap € P, (6) with pmin :=f € ,—1.
P € %,(0) with Pmin =P € | T 70" n]
O Define a PMF q; € &°,(9) such that:
g=31-(+is—i-Dp j=i+1 and i := (;';ﬁ

B jE€ {i+2,-,n) NS
O Pp=qg
O P < (y for every p € P, (0) with pin :=f PLTTTTT

p
| TH}

33
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Applications

Bounds on Entropy of Random Variables

The Solution:

1 1
O Givenad>1.Fixap € P () with prin :=f E —.
P () Prin = P l+(mn—1)0 n]
O Define a PMF q; € &°,(9) such that:
g=41-(+is—i-Dp j=i+]1 and i 1= {'fﬁ
p jeli+2,,n) L©0=Dp.
O Pp=qg
O p < (y for every p € P, (0) with pin :=f LTI
: i 8
o min H.(p) = H(qgp)
S.t.
DPmin =73 \ JL_J|

34
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Applications

Bounds on Entropy of Random Variables

The Solution:

| 1] >l

O Givenad>1.Fixap € P () with pmin ;= € —

P € L, (0) with Pmin =P € | T 70 "5
O Define a PMF q; € &°,(9) such that:

g=31-(+is—i-Dp j=i+1 and i = (;Tﬁ

B jE€ {i+2,-,n) NS

O Pp=qg
O p < (y for every p € P, (0) with pin :=f :
o i, lw) = N T

'. P Pn (5)
S.t. i
pminzﬁ

35




Applications

Bounds on Entropy of Random Variables

The Solution (closed form expression):

® For every p € &, (0), for a > 0 and 0 > 1,we have

min H (p) = min H,(q;)
peP, (5) per?

> logn —c.;°(0) ;

- 1) a) .
log | 14
a

log <1 + '
(I —a)o—1) — 1 (1 —a)(o*—1) |

c®(5) =
< () a—1

Where c¢;°(0) < log(o)

36



Outline

* Majorization Lattice [Cicalese et. al ‘02]
O Majorization Partial Order
o It is a lattice!

O Properties of Entropy on the Majorization Lattice

* Applications of Majorization

O Lower Bound on Entropy of Random Variables [Sason '18]
O Strengthening H (f(X)) < H (X) [Sason ‘18]

O Probability Mass Function Truncation [Cicalese et. al ‘19]

* Future Work
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Applications
Upper and Lower Bounds on H (f(X))

The Problem:
O Given a discrete random variable X € &', with PMF p
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Applications
Upper and Lower Bounds on H (f(X))

The Problem:
O Given a discrete random variable X € X', with PMF p

O Let f be a deterministic and surjective functions.t. f: X, — %, (m < n)
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Applications
Upper and Lower Bounds on H (f(X))

The Problem:
O Given a discrete random variable X € X', with PMF p

O Let f be a deterministic and surjective function s.t. f: X, = ¥, (m < n)

O F : set of all such functions
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Applications
Upper and Lower Bounds on H (f(X))

The Problem:
O Given a discrete random variable X € X', with PMF p

O Let f be a deterministic and surjective function s.t. f: X, = ¥, (m < n)

?

O F : set of all such functions

O Comments on Reényi entropy of f(X), i.e., H (f(X))
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Applications
Upper and Lower Bounds on H (f(X))

The Problem:
O Given a discrete random variable X € X', with PMF p

O Let f be a deterministic and surjective function s.t. f: X, = ¥, (m < n)

O F : set of all such functions

O Comments on Reényi entropy of f(X), i.e., H (f(X))

Upper Bound: max H ( (X))

fe&

Lower Bound: min H (f(X)) ?

fe&,

42



Applications
Proving H,(f(X)) < H,(X)

O For every f € #,, (yis an aggregation of p, i.e., p C q;

)

°o | o
® | °
* °
. °
. °
° Uy
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Applications
Proving H,(f(X)) < H,(X)

O For every f € #,, (yis an aggregation of p, i.e., p C q;

O Aggregation implies majorization, i.e., P =< ( [Cicalese et. al "17]

Cicalese, Ferdinando et al. "Bounds on the Entropy of a Function of a Random Variable and Their Applications.” IEEE Transactions on Information Theory 64 (2017):
2220-2230.
44



Applications
Proving H,(f(X)) < H,(X)

O For every f € #,, (yis an aggregation of p, i.e., p C q;

O Aggregation implies majorization, i.e., P =< q;

IA
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Applications
Proving H,(f(X)) < H,(X)

O For every f € #,, (yis an aggregation of p, i.e., p C q;

O Aggregation implies majorization, i.e., P =< qs

[Schur Concavity]
—>

IA

46



Applications

Lower Bound on H (f(X))

Approach for Lower bound:

IA
IA

Solution to

min H,(f(X))

fe#,,
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Applications

Lower Bound on H (f(X))
The Solution for : min H (f(X))

fe&,,

O Given the PMF of X ~ p € &,
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Applications

Lower Bound on H (f(X))
The Solution for : min H (f(X))

fe&,,

O Given the PMF of X ~p € &

O Sort P in non-increasing order, say p € g’n
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Applications

Lower Bound on H (f(X))
The Solution for : min H (f(X))

fe#,,

O Given the PMF of X ~p € &,

O Sort P in non-increasing order, say p € g’n lljl : )
2 |
O Define q, (p) as: el ® - ® g |
— Zk=1 Pr 1= 1 } ®
q; = ® (> |
l ; Pn-m+1 @ :
Prn—m+i I = 2939"'9 m . p > o } / . |

n—m-+

o | é ® |
_ o | ® 4 |
(m — 1) L

b et

—

50



Applications

Lower Bound on H (f(X))
The Solution for : min H (f(X))

fe&

O Given the PMF of X ~p € &,

O Sort P in non-increasing order, say p € @n

O Define q,,(pP) as:
P Y DYty e
| Prn—m-+i i =2,3,,m
O For every f € F, qr =< q,.(p). (m— 1)

51
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f Prn—m+2

!
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Applications

Lower Bound on H (f(X))
The Solution for : min H (f(X))

fe&

O Given the PMF of X ~p € &,

O Sort P in non-increasing order, say p € g’n

O Define q,,(pP) as:
P Y DYty e
| Prn—m-+i i =2,3,,m
O For every f € F, qr =< q,.(p) (m— 1)

© q,,(p) is an aggregation of p

52

P>

" pn—m+1
;" Prn—m+2

!

® g |

® 4,
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Applications

Lower Bound on H (f(X))
The Solution for : min H (f(X))

fe&,,

O Given the PMF of X ~p € &,

O Sort P in non-increasing order, say p € g’n

O Define q, (p) as: {

O For every f € F, gy <q,(p)

© q,,(p) is an aggregation of p — ;;1;71:1 H (f(X))=H/(q,,(p))
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Applications

Strengthening H (f(X)) < H (X)
Approach for Upper bound:

IA

Solution to

max H,(f(X))

e,
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Applications

Strengthening H (f(X)) < H (X)
The Solution for : max H (f(X))

fe&,

O Finding max H (f(X)) is NP-Hard [Cicalese et. al ‘17]

fex

Cicalese, Ferdinando et al. "Bounds on the Entropy of a Function of a Random Variable and Their Applications.” IEEE Transactions on Information Theory 64 (2017):
2220-2230.
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Applications

Strengthening H (f(X)) < H (X)
The Solution for : max H (f(X))

fe&,

o Finding max H,(f(X)) is NP-Hard

fe&,,

o Upper bound and Lower bound on Max H,(f(X))

e,
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Applications

Strengthening H (f(X)) < H (X)
The Solution for : max H (f(X))

fe&,

o Finding max H,(f(X)) is NP-Hard

fe&,,

o Upper bound and Lower bound on Max H,(f(X))

e,

Upper Bound

O Given the PMF of X ~p € &

O Sort P in non-increasing order, say p € g’n
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Applications

Strengthening H (f(X)) < H (X)
The Solution for : max H (f(X))

fe&,

O Given the PMF of X ~p € &,
O Sort P in non-increasing order, say p € @n
O Definer, (p) € P, as:
O If py<1l/m: r,.(p):={/m1l/m,---,1/m).
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Applications

Strengthening H (f(X)) < H (X)
The Solution for : max H (f(X))

a  Pie
JEF ,  pe \
o }\ ®
O Given the PMF of X ~p € &, ppi* : }\ o
i*4+1
O Sort P in non-increasing order, say p € g’n ’,' _ \ :
. ® - Vi
O Definer, (p) € g’m as: | ® ® i+l
L D oe ® 7,
O If py<l/m: r,.(p):={/m1l/m,---,1/m). p r (p)
ri — n : . :
Zj:i+1pj

where [* is the maximum index i such that p; >

59



Applications

Strengthening H (f(X)) < H (X)
The Solution for : max H (f(X))

feF | %
O Definer, (p) € &, as: P e
o Ifp<l/m: (p) .= (1/m,1/ 1/m) ° }\ ®
Pi m : r,.(p):=U/m,l/m,---,1/m). | Di+ @ }\ °
o Ifp, >1/m: D, =12, i* | DPicy1 @ \ o
i ®
ri — n . . . 1
(ZJ-:,-*HP]')/(’”” —*) 1=+ 1,--,m Zn o ® - ® '
o . . . i=iv1Pi | ® ® iy
where * is the maximum index I such that p, > —.
m— i ,; P @ - ® 7y

O Closest to p than any other r & @m w.r.t majorization

IA
IA
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Applications

Strengthening H (f(X)) < H (X)
The Solution for : max H (f(X))

JEF,
O Definer, (p) € &, as:
o Ifp;<l/m: r,.(p):={U/m1/m,-.--,1/m).
O Ifp,>1/m: D; i =12, 0%
o <z;=i*+1pj>/(m_i*) (=" 1,,m zn D,
where * is the maximum index I such that p, > ‘]:lH. :
m—1
O Closest to p than any other r & 9’;%, w.r.t majorization
< < = | max H(fX) < Hy(r,(p))

feF,,
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Applications

Strengthening H (f(X)) < H (X)
The Solution for : max H (f(X))

A (o) € P JEF,
O Denner e as: .
m(P m | T,(P) i=argmax ooy o Ho(0)
o Ifp,<l/m: r,.(p) = {U/m1/m,---,1/m). ‘
O Ifp,>1/m: p; (=12, 0%
where * is the maximum index I such that p, > ‘]=l+1. ].
m—i
O Closest to p than any other r & 9’;%, w.r.t majorization
< < = | maxH(f(X) < Hx,(p))

e,
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Applications
Strengthening H (/(X)) < H (X)

The Solution for : ?;;X H (f(X)) Lower Bound

O Construct f* via Huffman algorithm such that f*(X) ~ g

O We have,

04

?‘ ©(2) = | a— 1 a |
C = 10 O
\ 7T\ e2) Ta—1 2

63
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Applications
Strengthening H (/(X)) < H (X)

The Solution for :

max H (f (X))

Upper
opper

fex

max H,(f(X)) € | H,(x,®)) - &), H(x,(®)

fe#F,,
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Outline

* Majorization Lattice [Cicalese et. al ‘02]
O Majorization Partial Order
o It is a lattice!

O Properties of Entropy on the Majorization Lattice

* Applications of Majorization

O Lower Bound on Entropy of Random Variables [Sason '18]
O Strengthening H (f(X)) < H (X) [Sason '18]

O Probability Mass Function Truncation [Cicalese et. al ‘19]

* Future Work
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Applications

Probability Mass Function Truncation

OLet X ~p:=(p,py ,p,) be a discrete random variable s.t. X € X,
O Restrict Xe Y C I,
O Resulting conditional PMF, say q := (4, 4, ***, q,,)., is Truncated PMF of p
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Applications

Probability Mass Function Truncation

O Let X ~p:=(p,py P, be a random variable s.t. X € X,
O Restrict Xe Y C I,
O Resulting conditional PMF, say q := (g}, ¢, ***, 4,,), is Truncated PMF of p

O Explore criterions to truncate a PMF,

O Condition: Truncated PMF and Original PMF are close !

67



Applications

Common Examples of PMF Truncation

®Let p:=(py,pH -, p,) denote the Original PMF
®q:=(0,9,.q,). where m < n, denote the truncated PMF
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Applications

Common Examples of PMF Truncation

®Let p:=(p,p -, p,) denote the Original PMF
® And q := (g9y,9>, ***»q,,), where m < n, denote the truncated PMF

Operator t

p Pm
tm(p) — (ql, ...,qm) — ml , e, p
zizlpi Zizlpi

t,,(p) = argmin _ D (qllp)
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Applications

Common Examples of PMF Truncation

®Let p:=(p,p -, p,) denote the Original PMF
® And q := (g9y,9>, ***»q,,), where m < n, denote the truncated PMF

Operator t

P1 Pm
tm(p) = (QD B qm) — m > m
zizlpi Zizlpi

Operator s,

Sm(p) L= (QIa " q}fn) — (pl + A, Py T A)

A = i p;/m

I=m+1

t,,(p) = argmin__;, Dk (q]p) S,(P) = argmin__, £,(q, P). a> 1
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Applications

Aggregation as Truncation

® Aggregation is a truncation !

\
® & o o

J(X)~q
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®fX)~q f(X)E Y,
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Applications

Aggregation as Truncation

® Aggregation is a truncation !
®X~p Xe,

of. X - Y (m<n)
®f(X)~q, (X)€Y,

® Metric of closeness: I(X; f(X))

75



Applications

Aggregation as Truncation

® Aggregation is a truncation !
®X~p Xe,

of. X - Y (m<n)
®f(X)~q, (X)€Y,

® Metric of closeness: I(X; f(X))

Best Choice: max /(X /(X))

fe#F,,
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Applications

Aggregation as Truncation

® Aggregation is a truncation !
®X~p Xe,

of. X - Y (m<n)
®f(X)~q, (X)€Y,

® Metric of closeness: I(X; f(X))

Best Choice: max /(X; /(X)) = max H(f(X))
fe#F,, fe#F,,

&:L S ————— —— S ——————— S —— e —— ——— S —————— e —— e — S ———— S ———————— S e S ————— S —————— — S ———————— S ———— —— e ——— :T

| Construction of /* via Huffman . e |
| algorithm 1! H(f*) > H(r,,(p)) — ¢{°(2) h

L::-_ e e e S e e e e e e — S e e e e s S e e e — S e e S e e e e s 1:4
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Applications

Recall the Operatorr,,

P1 e }
P, @ \
, | | o
® Its a truncation Operator !!! " D+ @ }\ : 2
| Dy @
® Preserves the components of original PMF p | " ° \ o
\_ ® - ® /;x
® ® iz
Pn ® _ ® 7,
o If p,<1/m: r,(P) = {/m1/m,---,1/m). | p r,(p) ,
o Ifpy21/m: D; =12, 0% e e
o (Z;I:i~+l pf>/(777 —1*) i=1*+1,--,m

n
Z:j:i+1 Pj

~

where 1* is the maximum index i such that p; > .
m— i
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Applications

On Operatorr,,

® Preserves the majorization partial order

Theorem:

For every p,q € < , and any m < n, it holds that:

r e R R — e I R — e N e A R R R N A R — A R e A e tﬂ
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Applications

On Operatorr,,

® Preserves the majorization partial order

® Closest w.r.t £ distance:

I Theorem: l
|

t Foranym<n,p € &,, and any q € &, , we have: |
|

‘ Zp,r,(p) <7(Pp,q) |

L?:-—__-,_ A — R e e ———————— e R — R — R — R — e A e ——————— e -:-_v_J
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Applications

Information-theoretic distance d( - , - )

® Information-theoretic distance d( -, - ): [Cicalese et. al "13]

Vx,y € &, d(x,y) :=HX)+ H(y) —2H(X Vy)

Distance metric on the
Majorization Lattice.

Cicalese, Ferdinando et al. “Information theoretic measures of distances and their econometric applications.” 2013 IEEE International Symposium on Information
Theory (2013): 409-413.
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Applications

Information-theoretic distance d( - , - )

® Information-theoretic distance d( -, - ):

Vx,y € &, d(x,y) :=HX)+ H(y) —2H(X Vy)

Generalizes the “"Theil Index”:
dx,u,) :=logn — H(X).
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Applications

On Operatorr,,

® Preserves the majorization partial order
® Closest w.r.t £ distance

® Closest w.r.t information-theoretic distance d( -, - ) defined as:

Vx,y € &, dx,y) :=HX)+ H(y) —2H(X VYY)

e e e R lr‘j

e I e —————————— e e ———————— I e S

Theorem:

H

|
Foranym<n,p € &, and any q € &, , we have: |
|

d(p,r,(p)) <d(p,q) |
J
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Conclusion

® Majorization Partial Order is a Lattice (Complete Lattice).
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Vpe X,0) o

O Lower Bound on Renyi Entropy e H,(p) = min H,(qp)

per,
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Conclusion

® Majorization Partial Order is a Lattice (Complete Lattice).
® Properties of Shannon Entropy on the Majorization Lattice
O Schur Concavity
O Supermodularity
o Subadditivity
® Applications in Information Theory & Econometrics

Vpe X,0) o

O Lower Bound on Renyi Entropy e H,(p) = min H,(qp)

per,

> logn — c¢,°(0)
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Conclusion

® Majorization Partial Order is a Lattice (Complete Lattice).
® Properties of Shannon Entropy on the Majorization Lattice
O Schur Concavity
O Supermodularity
o Subadditivity
® Applications in Information Theory & Econometrics
O Lower Bound on Renyi Entropy

O Bounds on Ha(f(X)) min Ha(f(X)) — Ha(qm(p))

fe&
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Conclusion

® Majorization Partial Order is a Lattice (Complete Lattice).
® Properties of Shannon Entropy on the Majorization Lattice
O Schur Concavity
O Supermodularity
o Subadditivity
® Applications in Information Theory & Econometrics

O Lower Bound on Renyi Entropy
O Bounds on H (f(X))

min H,(f(X)) = H,(q,,(p))

fe&

max H (f(X)) € [Ha(rm(p)) — Cy (2), Ha(rm(p))]

fe&,,
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Conclusion

® Majorization Partial Order is a Lattice (Complete Lattice).
® Properties of Shannon Entropy on the Majorization Lattice
O Schur Concavity
O Supermodularity
o Subadditivity
® Applications in Information Theory & Econometrics

O Lower Bound on Renyi Entropy
O Bounds on H (f(X))

O PMF truncation meeeeeeeg—gyp Aggregation as Truncation!

- Operator r, as the truncation operator!
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Applications
Future Work

® Sub(Super)additivity and Super(Sub)modularity properties for Rényi Entropy?
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Applications
Future Work

® Sub(Super)additivity and Super(Sub)modularity properties for Rényi Entropy?

® Minimum Entropy Couplings/ Functional Representations

O Majorization in an “information-spectrum’ (<) sense. [Shkel & Yadav "23]

Let U ~ p and V ~ q be random variables. Then, we say p =<, q if:
P [i(U) <] <P (V) < 1]

For all € [0,00).

Shkel Y. Y* and Yadav A. K*, “Information spectrum converse for minimum entropy couplings and functional representations”, 2023 IEEE International Symposium
on Information Theory (ISIT), (To appear) (* : equal contributions).
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Applications
Future Work

® Sub(Super)additivity and Super(Sub)modularity properties for Rényi Entropy?

® Minimum Entropy Couplings/ Functional Representations

O Majorization in an “information-spectrum’ (<) sense.

Let U ~ p and V ~ q be random variables. Then, we say p =<, q if:
P [i(U) <] <P (V) < 1]

‘ For all € [0,00).
Op=x,q — p=q.
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Applications
Future Work

® Sub(Super)additivity and Super(Sub)modularity properties for Rényi Entropy?

® Minimum Entropy Couplings/ Functional Representations

O Majorization in an “information-spectrum’ (<) sense.

Let U ~ p and V ~ q be random variables. Then, we say p =<, q if:
P [i(U) <] <P (V) < 1]

} For all € [0,00).

°Op=x,q = pP=q.
O Constructions for minimum entropy couplings?
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Applications
Future Work

® Sub(Super)additivity and Super(Sub)modularity properties for Rényi Entropy?

® Minimum Entropy Couplings/ Functional Representations

O Majorization in an “information-spectrum’ (X)) sense.

. - - < . .
Let U ~ p and V ~ q be random variables. Then, we say p =<, q if:

| P 1, (U) < 1] <P [1ifV) <]

| For all t € [0,00).

R e e e e ————————— A e e ————————— e R

°p=,q = p=4q.
O Constructions for minimum entropy couplings?

e a—strong majorization [Compton "22] to strengthen upper and lower bounds on max H(f(X)) ?
fe&

Compton, Spencer. "A Tighter Approximation Guarantee for Greedy Minimum Entropy Coupling.” 2022 IEEE International Symposium on Information Theory (ISIT)
(2022): 168-173.
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Thank you!



