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Functional Representation Lemma

Given  ,  there exists   ( ) and a function   such that 

 i.e.,   


                                                                             

                                                                                


                                                                        

   

(X, Y) ∼ PXY Z Z ⊥ Y g( ⋅ , ⋅ )
X = g(Y, Z)

H(X |Y, Z) = 0
I(Y; Z) = 0

PX|Y g(Y, Z)≡XY XY

Z
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El Gamal, A., & Kim, Y. (2011). Network Information Theory. Cambridge: Cambridge University Press. doi:10.1017/
CBO9781139030687




Minimum Entropy Functional Representations

Given:                                                                                      


Find:    ( or   )      

                                        

Such that:


Minimize:     

(X, Y) ∼ PXY

Z PZ|XY

Hα(Z) (∀α ≥ 0)

<latexit sha1_base64="OuOUSPU+c0nf7d+lshamauHWOyE=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB6DXjxGMA+TLGF20psMmZ1dZmaFEPIXXjwo4tW/8ebfOEn2oIkFDUVVN91dQSK4Nq777aysrq1vbOa28ts7u3v7hYPDuo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AiGt1O/8YRK81g+mFGCfkT7koecUWOl1iPpJKgS0jrvFopuyZ2BLBMvI0XIUO0Wvjq9mKURSsME1brtuYnxx1QZzgRO8p1UY0LZkPaxbamkEWp/PLt4Qk6t0iNhrGxJQ2bq74kxjbQeRYHtjKgZ6EVvKv7ntVMTXvtjLpPUoGTzRWEqiInJ9H3S4wqZESNLKFPc3krYgCrKjA0pb0PwFl9eJvWLkndZKt+Xi5WbLI4cHMMJnIEHV1CBO6hCDRhIeIZXeHO08+K8Ox/z1hUnmzmCP3A+fwBmpZAZ</latexit>

Y ? Z,
<latexit sha1_base64="Y69n+pQxqjmLPm2981d4DEIQJvA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahgpREinoRil48VrBttA1ls920SzebuLsRSuif8OJBEa/+HW/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvaaKEklog0Q8kq6PFeVM0IZmmlM3lhSHPqctf3g98VtPVCoWiTs9iqkX4r5gASNYG8l1L/vl+5OH426xZFfsKdAicTJSggz1bvGr04tIElKhCcdKtR071l6KpWaE03GhkygaYzLEfdo2VOCQKi+d3jtGR0bpoSCSpoRGU/X3RIpDpUahbzpDrAdq3puI/3ntRAcXXspEnGgqyGxRkHCkIzR5HvWYpETzkSGYSGZuRWSAJSbaRFQwITjzLy+S5mnFOatUb6ul2lUWRx4O4BDK4MA51OAG6tAAAhye4RXerEfrxXq3PmatOSub2Yc/sD5/AIjPjv8=</latexit>

X = g(Y, Z)
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Minimum Entropy Couplings

Given:   marginal distributions i.e.,                                                                                     


Find:  coupling 

                                        

Such that:      




Minimize:                       

m

(X1, X2, ⋯, Xm)

Xi ∼ Pi
∀i ∈ {1,2,⋯, m}

Hα(X1, X2, ⋯, Xm)

4

{P1, P2, ⋯, Pm}

(∀α ≥ 0)



The two problems are 

ONE !

Minimum Rényi entropy of 
 in FRL, 


i.e., 

Z
Hα(Z)

Rényi entropy of the

Minimum Entropy Coupling for


 {PX|Y=y}y∈𝒴

≡

Kocaoglu, M., Dimakis, A., Vishwanath, S., & Hassibi, B. (2017). Entropic Causal Inference. Proceedings of the AAAI Conference on 
Artificial Intelligence, 31(1).
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However……

Computing    or   is NP-hard.


Lower bounds — Converse type results

Upper bounds — Achievability type results

Hα(Z) Hα(X1, X2, ⋯, Xm)
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However……

Computing    or   is NP-hard.


Lower bounds — Converse type results

Upper bounds — Achievability type results


Concerned with Lower bounds here !!

Hα(Z) Hα(X1, X2, ⋯, Xm)



Entropy and Information
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<latexit sha1_base64="aCQj+ZvJXsaNGyfVbhpQJtmnB7w=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1Wom5JIUTdC0Y3LCvYBTQiT6aQdOpmEmYlYQn7Ajb/ixoUibt2782+ctFlo64ELh3Pu5d57/JhRqSzr2ygtLa+srpXXKxubW9s75u5eR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr++Dr3u/dESBrxOzWJiRuiIacBxUhpyTOPHBoiNfJ6tYcTeAkdFg2hEwiEUztLW1M5g55ZterWFHCR2AWpggItz/xyBhFOQsIVZkjKvm3Fyk2RUBQzklWcRJIY4TEakr6mHIVEuun0mwwea2UAg0jo4gpO1d8TKQqlnIS+7sxPl/NeLv7n9RMVXLgp5XGiCMezRUHCoIpgHg0cUEGwYhNNEBZU3wrxCOkslA6wokOw519eJJ3Tun1Wb9w2qs2rIo4yOACHoAZscA6a4Aa0QBtg8AiewSt4M56MF+Pd+Ji1loxiZh/8gfH5AxSZmk8=</latexit>

ıX(x) = log
1

PX(x)

Information :

<latexit sha1_base64="AcRb606Jf5Ynj2nvaiNyeP5vscM="></latexit>

FıX (t) = P [ıX(X)  t]

Information spectrum of X :

Factsheet

∀t ∈ [0,∞)



Entropy and Information
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<latexit sha1_base64="aCQj+ZvJXsaNGyfVbhpQJtmnB7w=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1Wom5JIUTdC0Y3LCvYBTQiT6aQdOpmEmYlYQn7Ajb/ixoUibt2782+ctFlo64ELh3Pu5d57/JhRqSzr2ygtLa+srpXXKxubW9s75u5eR0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr++Dr3u/dESBrxOzWJiRuiIacBxUhpyTOPHBoiNfJ6tYcTeAkdFg2hEwiEUztLW1M5g55ZterWFHCR2AWpggItz/xyBhFOQsIVZkjKvm3Fyk2RUBQzklWcRJIY4TEakr6mHIVEuun0mwwea2UAg0jo4gpO1d8TKQqlnIS+7sxPl/NeLv7n9RMVXLgp5XGiCMezRUHCoIpgHg0cUEGwYhNNEBZU3wrxCOkslA6wokOw519eJJ3Tun1Wb9w2qs2rIo4yOACHoAZscA6a4Aa0QBtg8AiewSt4M56MF+Pd+Ji1loxiZh/8gfH5AxSZmk8=</latexit>

ıX(x) = log
1

PX(x)

Information :

<latexit sha1_base64="AcRb606Jf5Ynj2nvaiNyeP5vscM="></latexit>

FıX (t) = P [ıX(X)  t]

Information spectrum of X :

Factsheet

∀t ∈ [0,∞)
<latexit sha1_base64="vAvJl0gwqx7DSFuHGEsl8UaRNWg=">AAACFnicbVDLSsNAFJ34rPUVdelmsAh1YUmkqBuhKEKXFewDklAm00k7dPJg5kYooV/hxl9x40IRt+LOv3HSdqGtBwYO55zL3Hv8RHAFlvVtLC2vrK6tFzaKm1vbO7vm3n5LxamkrEljEcuOTxQTPGJN4CBYJ5GMhL5gbX94k/vtByYVj6N7GCXMC0k/4gGnBLTUNU/r5c4JvsKZGxIY+D6+HbuCBYAd7PJc6nbygCt5fwBe1yxZFWsCvEjsGSmhGRpd88vtxTQNWQRUEKUc20rAy4gETgUbF91UsYTQIekzR9OIhEx52eSsMT7WSg8HsdQvAjxRf09kJFRqFPo6mW+q5r1c/M9zUgguvYxHSQosotOPglRgiHHeEe5xySiIkSaESq53xXRAJKGgmyzqEuz5kxdJ66xin1eqd9VS7XpWRwEdoiNURja6QDVURw3URBQ9omf0it6MJ+PFeDc+ptElYzZzgP7A+PwBAXmdcw==</latexit>

H(X) = E [ıX(X)]

Shannon entropy :

= ∫
∞

0
(1 − 𝔽ıX(t))dt

<latexit sha1_base64="reaPXU/l/3vOJjHAB7rifjcgDss="></latexit>

H↵(X) =
1

1� ↵
log

⇣
E
h
2(1�↵)ıX(X)

i⌘

<latexit sha1_base64="79H5JY88cN47ypwnHBQTG5MRbLM=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VooZREirosunFZwT4gCWUynbRDJ5MwMxFC6NaNv+LGhSJu/QN3/o2TNgttPXDhcM693HuPHzMqlWV9G6W19Y3NrfJ2ZWd3b//APDzqySgRmHRxxCIx8JEkjHLSVVQxMogFQaHPSN+f3uR+/4EISSN+r9KYeCEacxpQjJSWhiZ0EYsnCLqUQ8dq2HUXJzGs2Y1cCVRaH5pVq2nNAVeJXZAqKNAZml/uKMJJSLjCDEnp2FasvAwJRTEjs4qbSBIjPEVj4mjKUUikl80/mcEzrYxgEAldXMG5+nsiQ6GUaejrzhCpiVz2cvE/z0lUcOVllMeJIhwvFgUJgyqCeSxwRAXBiqWaICyovhXiCRIIKx1eRYdgL7+8SnrnTfui2bprVdvXRRxlcAJOQQ3Y4BK0wS3ogC7A4BE8g1fwZjwZL8a78bFoLRnFzDH4A+PzB+x9l/I=</latexit>

↵ 2 [0, 1) [ (1,1)

Rényi entropy :



Majorization ( )⪯m
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<latexit sha1_base64="7zajNbDL6yG8apYJmxz2sIROkK0=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoUMpMW9SNUnTjsgX7gLYMmTRtQzOZmSQjlNK/ceOvuBFURJf+iZl2BG29kNzDueeQ3OMGjEplWZ9GamV1bX0jvZnZ2t7Z3TP3DxrSjwQmdewzX7RcJAmjnNQVVYy0AkGQ5zLSdEc38bx5T4SkPr9T44B0PTTgtE8xUppyzKsavIS50LHzMHSK8VXKw07PV/JU9zBCPU3ZsDMgYSz4ASU4Fzlm1ipYs4LLwE5AFiRVdcwX7cORR7jCDEnZtq1AdSdIKIoZmWY6kSQBwiM0IG0NOfKI7E5me07hiWZ6sO8LfbiCM/a3Y4I8Kceeq5UeUkO5OIvJ/2btSPUvuhPKg0gRjucP9SMGlQ/j0GCPCoIVG2uAsKD6rxAPkUBY6WgzOgR7ceVl0CgW7LNCuVbOVq6TONLgCByDHLDBOaiAW1AFdYDBA3gCr+DNeDSejXfjYy5NGYnnEPwp4+sb3MqhwA==</latexit>

Q = (q1, q2, q3, . . . ), q1 � q2 � q3 . . .

<latexit sha1_base64="ccOUvFqyPIX+JLUwWhAn7abEQHk=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoUMpMW9SNUnTjsoJthXYYMplMG5p5NMkIZejfuPFX3Agqokv/xEw7grZeSO7h3HNI7nEiRoU0jE8tt7S8srqWXy9sbG5t7+i7e20RxhyTFg5ZyO8cJAijAWlJKhm5izhBvsNIxxlepfPOPeGChsGtHEfE8lE/oB7FSCrK1i+a8ByWItssw8iupletDHtuKMWx6qMYuYoyYa9PRqngB9TgTGTrRaNiTAsuAjMDRZBV09ZflA/HPgkkZkiIrmlE0koQlxQzMin0YkEihIeoT7oKBsgnwkqme07gkWJc6IVcnUDCKfvbkSBfiLHvKKWP5EDMz1Lyv1k3lt6ZldAgiiUJ8OwhL2ZQhjANDbqUEyzZWAGEOVV/hXiAOMJSRVtQIZjzKy+CdrVinlTqN/Vi4zKLIw8OwCEoAROcgga4Bk3QAhg8gCfwCt60R+1Ze9c+ZtKclnn2wZ/Svr4B0SKhuQ==</latexit>

P = (p1, p2, p3, . . . ), p1 � p2 � p3 . . .

Definition :

given

<latexit sha1_base64="1QOPUhDYMjbews1e+L9igDMF7ec=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzFxRWYMQZdENy4hkUcCE9IpHWhoO0PbISETvsONC41x68e4828sMAsFT9Lk5Jxz03tPEHOmjet+O7mt7Z3dvfx+4eDw6PikeHrW0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsYPyz89pQqzSL5ZGYx9QUeShYygo2V/Abq2Tihk75A9X6x5JbdJdAm8TJSggw2/9UbRCQRVBrCsdZdz42Nn2JlGOF0XuglmsaYjPGQdi2VWFDtp8ul5+jKKgMURso+adBS/T2RYqH1TAQ2KbAZ6XVvIf7ndRMT3vkpk3FiqCSrj8KEIxOhRQNowOzFhs8swUQxuysiI6wwMbangi3BWz95k7Ruyl61XGlUSrX7rI48XMAlXIMHt1CDR6hDEwhM4Ble4c2ZOi/Ou/OxiuacbOYc/sD5/AHpxJGO</latexit>

Q �m P

<latexit sha1_base64="yxXfOO7qTvQ7BxlKyNtggyW8g3w="></latexit>

kX

i=1

qi 
kX

i=1

pi, 8k = 1, 2, . . .

we say

if

Factsheet
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<latexit sha1_base64="7zajNbDL6yG8apYJmxz2sIROkK0=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoUMpMW9SNUnTjsgX7gLYMmTRtQzOZmSQjlNK/ceOvuBFURJf+iZl2BG29kNzDueeQ3OMGjEplWZ9GamV1bX0jvZnZ2t7Z3TP3DxrSjwQmdewzX7RcJAmjnNQVVYy0AkGQ5zLSdEc38bx5T4SkPr9T44B0PTTgtE8xUppyzKsavIS50LHzMHSK8VXKw07PV/JU9zBCPU3ZsDMgYSz4ASU4Fzlm1ipYs4LLwE5AFiRVdcwX7cORR7jCDEnZtq1AdSdIKIoZmWY6kSQBwiM0IG0NOfKI7E5me07hiWZ6sO8LfbiCM/a3Y4I8Kceeq5UeUkO5OIvJ/2btSPUvuhPKg0gRjucP9SMGlQ/j0GCPCoIVG2uAsKD6rxAPkUBY6WgzOgR7ceVl0CgW7LNCuVbOVq6TONLgCByDHLDBOaiAW1AFdYDBA3gCr+DNeDSejXfjYy5NGYnnEPwp4+sb3MqhwA==</latexit>

Q = (q1, q2, q3, . . . ), q1 � q2 � q3 . . .

<latexit sha1_base64="ccOUvFqyPIX+JLUwWhAn7abEQHk=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoUMpMW9SNUnTjsoJthXYYMplMG5p5NMkIZejfuPFX3Agqokv/xEw7grZeSO7h3HNI7nEiRoU0jE8tt7S8srqWXy9sbG5t7+i7e20RxhyTFg5ZyO8cJAijAWlJKhm5izhBvsNIxxlepfPOPeGChsGtHEfE8lE/oB7FSCrK1i+a8ByWItssw8iupletDHtuKMWx6qMYuYoyYa9PRqngB9TgTGTrRaNiTAsuAjMDRZBV09ZflA/HPgkkZkiIrmlE0koQlxQzMin0YkEihIeoT7oKBsgnwkqme07gkWJc6IVcnUDCKfvbkSBfiLHvKKWP5EDMz1Lyv1k3lt6ZldAgiiUJ8OwhL2ZQhjANDbqUEyzZWAGEOVV/hXiAOMJSRVtQIZjzKy+CdrVinlTqN/Vi4zKLIw8OwCEoAROcgga4Bk3QAhg8gCfwCt60R+1Ze9c+ZtKclnn2wZ/Svr4B0SKhuQ==</latexit>

P = (p1, p2, p3, . . . ), p1 � p2 � p3 . . .

Definition :

given
<latexit sha1_base64="pbSsFc6PK2OgSBFolybuoVa6Vjc="></latexit> m̂

i=1

Pi �m Pi, i 2 {1, . . . ,m}
<latexit sha1_base64="i+0aw1l0STVYZ7gz7c0Bc3O0R3I=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwVRIpKohQdOOyBfuAJobJ9LYdOpPEzEQpoR/jxl9x48IHLtz4LU7TLmrrgYHDOedy5x4/4kwqy/o2ckvLK6tr+fXCxubW9o65u9eQYRJTqNOQh3HLJxI4C6CumOLQimIgwufQ9AfXY7/5ALFkYXCrhhG4gvQC1mWUKC155kUNO3qAwr0ncNVj2GFC7wWJ8azj+Kz3CJ0eeCm7tEd3WdYzi1bJyoAXiT0lRTRF1TM/nE5IEwGBopxI2batSLkpiRWjHEYFJ5EQETogPWhrGhAB0k2zI0f4SCsd3A1j/QKFM3V2IiVCyqHwdVIQ1Zfz3lj8z2snqnvupiyIEgUBnSzqJhyrEI8bwx2mW1B8qAmhMdN/xbRPYkKV7rWgS7DnT14kjZOSfVoq18rFytW0jjw6QIfoGNnoDFXQDaqiOqLoCb2gN/RuPBuvxqfxNYnmjOnMPvoD4+cXUaikBg==</latexit>

Q �m Pi =) Q �m

m̂

i=1

Pi

Greatest lower bound w.r.t

Majorization :

<latexit sha1_base64="1QOPUhDYMjbews1e+L9igDMF7ec=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzFxRWYMQZdENy4hkUcCE9IpHWhoO0PbISETvsONC41x68e4828sMAsFT9Lk5Jxz03tPEHOmjet+O7mt7Z3dvfx+4eDw6PikeHrW0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsYPyz89pQqzSL5ZGYx9QUeShYygo2V/Abq2Tihk75A9X6x5JbdJdAm8TJSggw2/9UbRCQRVBrCsdZdz42Nn2JlGOF0XuglmsaYjPGQdi2VWFDtp8ul5+jKKgMURso+adBS/T2RYqH1TAQ2KbAZ6XVvIf7ndRMT3vkpk3FiqCSrj8KEIxOhRQNowOzFhs8swUQxuysiI6wwMbangi3BWz95k7Ruyl61XGlUSrX7rI48XMAlXIMHt1CDR6hDEwhM4Ble4c2ZOi/Ou/OxiuacbOYc/sD5/AHpxJGO</latexit>

Q �m P

<latexit sha1_base64="yxXfOO7qTvQ7BxlKyNtggyW8g3w="></latexit>

kX

i=1

qi 
kX

i=1

pi, 8k = 1, 2, . . .

we say

if

Factsheet



Majorization ( )⪯m
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<latexit sha1_base64="7zajNbDL6yG8apYJmxz2sIROkK0=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoUMpMW9SNUnTjsgX7gLYMmTRtQzOZmSQjlNK/ceOvuBFURJf+iZl2BG29kNzDueeQ3OMGjEplWZ9GamV1bX0jvZnZ2t7Z3TP3DxrSjwQmdewzX7RcJAmjnNQVVYy0AkGQ5zLSdEc38bx5T4SkPr9T44B0PTTgtE8xUppyzKsavIS50LHzMHSK8VXKw07PV/JU9zBCPU3ZsDMgYSz4ASU4Fzlm1ipYs4LLwE5AFiRVdcwX7cORR7jCDEnZtq1AdSdIKIoZmWY6kSQBwiM0IG0NOfKI7E5me07hiWZ6sO8LfbiCM/a3Y4I8Kceeq5UeUkO5OIvJ/2btSPUvuhPKg0gRjucP9SMGlQ/j0GCPCoIVG2uAsKD6rxAPkUBY6WgzOgR7ceVl0CgW7LNCuVbOVq6TONLgCByDHLDBOaiAW1AFdYDBA3gCr+DNeDSejXfjYy5NGYnnEPwp4+sb3MqhwA==</latexit>

Q = (q1, q2, q3, . . . ), q1 � q2 � q3 . . .

<latexit sha1_base64="ccOUvFqyPIX+JLUwWhAn7abEQHk=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoUMpMW9SNUnTjsoJthXYYMplMG5p5NMkIZejfuPFX3Agqokv/xEw7grZeSO7h3HNI7nEiRoU0jE8tt7S8srqWXy9sbG5t7+i7e20RxhyTFg5ZyO8cJAijAWlJKhm5izhBvsNIxxlepfPOPeGChsGtHEfE8lE/oB7FSCrK1i+a8ByWItssw8iupletDHtuKMWx6qMYuYoyYa9PRqngB9TgTGTrRaNiTAsuAjMDRZBV09ZflA/HPgkkZkiIrmlE0koQlxQzMin0YkEihIeoT7oKBsgnwkqme07gkWJc6IVcnUDCKfvbkSBfiLHvKKWP5EDMz1Lyv1k3lt6ZldAgiiUJ8OwhL2ZQhjANDbqUEyzZWAGEOVV/hXiAOMJSRVtQIZjzKy+CdrVinlTqN/Vi4zKLIw8OwCEoAROcgga4Bk3QAhg8gCfwCt60R+1Ze9c+ZtKclnn2wZ/Svr4B0SKhuQ==</latexit>

P = (p1, p2, p3, . . . ), p1 � p2 � p3 . . .

Definition :

given
<latexit sha1_base64="pbSsFc6PK2OgSBFolybuoVa6Vjc="></latexit> m̂

i=1

Pi �m Pi, i 2 {1, . . . ,m}
<latexit sha1_base64="i+0aw1l0STVYZ7gz7c0Bc3O0R3I=">AAACJHicbVDLSsNAFJ3UV62vqEs3g0VwVRIpKohQdOOyBfuAJobJ9LYdOpPEzEQpoR/jxl9x48IHLtz4LU7TLmrrgYHDOedy5x4/4kwqy/o2ckvLK6tr+fXCxubW9o65u9eQYRJTqNOQh3HLJxI4C6CumOLQimIgwufQ9AfXY7/5ALFkYXCrhhG4gvQC1mWUKC155kUNO3qAwr0ncNVj2GFC7wWJ8azj+Kz3CJ0eeCm7tEd3WdYzi1bJyoAXiT0lRTRF1TM/nE5IEwGBopxI2batSLkpiRWjHEYFJ5EQETogPWhrGhAB0k2zI0f4SCsd3A1j/QKFM3V2IiVCyqHwdVIQ1Zfz3lj8z2snqnvupiyIEgUBnSzqJhyrEI8bwx2mW1B8qAmhMdN/xbRPYkKV7rWgS7DnT14kjZOSfVoq18rFytW0jjw6QIfoGNnoDFXQDaqiOqLoCb2gN/RuPBuvxqfxNYnmjOnMPvoD4+cXUaikBg==</latexit>

Q �m Pi =) Q �m

m̂

i=1

Pi

Greatest lower bound w.r.t

Majorization :

<latexit sha1_base64="4WLxdWS8/XL4G4HUYnJVZb7LdeU=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VoNyXRoi6LbrpswT6gCWEyvW2HziRpZiKU0A9x46+4caGIGxeCf+P0AWrrgYHDOfdw5x4/4kwqy/oyMmvrG5tb2e3czu7e/oF5eNSUYRJTaNCQh3HbJxI4C6ChmOLQjmIgwufQ8oe3U791D7FkYXCnxhG4gvQD1mOUKC155kUdOzpAYeQJXMMOE3orSFz1HMKjASnUi9jpw+hHqBU9M2+VrBnwKrEXJI8WqHnmh9MNaSIgUJQTKTu2FSk3JbFilMMk5yQSIkKHpA8dTQMiQLrp7LgJPtNKF/fCWL9A4Zn6O5ESIeVY+HpSEDWQy95U/M/rJKp37aYsiBIFAZ0v6iUcqxBPm8JdpntRfKwJoTHTf8V0QGJCle4zp0uwl09eJc3zkn1ZKtfL+crNoo4sOkGnqIBsdIUqqIpqqIEoekBP6AW9Go/Gs/FmvM9HM8Yic4z+wPj8BtdEn/g=</latexit>

Q �m P =) H↵(Q) � H↵(P )

Schur concavity :

<latexit sha1_base64="1QOPUhDYMjbews1e+L9igDMF7ec=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzFxRWYMQZdENy4hkUcCE9IpHWhoO0PbISETvsONC41x68e4828sMAsFT9Lk5Jxz03tPEHOmjet+O7mt7Z3dvfx+4eDw6PikeHrW0lGiCG2SiEeqE2BNOZO0aZjhtBMrikXAaTsYPyz89pQqzSL5ZGYx9QUeShYygo2V/Abq2Tihk75A9X6x5JbdJdAm8TJSggw2/9UbRCQRVBrCsdZdz42Nn2JlGOF0XuglmsaYjPGQdi2VWFDtp8ul5+jKKgMURso+adBS/T2RYqH1TAQ2KbAZ6XVvIf7ndRMT3vkpk3FiqCSrj8KEIxOhRQNowOzFhs8swUQxuysiI6wwMbangi3BWz95k7Ruyl61XGlUSrX7rI48XMAlXIMHt1CDR6hDEwhM4Ble4c2ZOi/Ou/OxiuacbOYc/sD5/AHpxJGO</latexit>

Q �m P

<latexit sha1_base64="yxXfOO7qTvQ7BxlKyNtggyW8g3w="></latexit>

kX

i=1

qi 
kX

i=1

pi, 8k = 1, 2, . . .

we say

if

Factsheet



Hα(Z) ≥ max
y∈𝒴

Hα(X |Y = y)

13

or

A very basic one

Hα(X1, X2, ⋯, Xm) ≥ max
i∈{1,2,⋯,m}

Hα(Xi)

Existing Lower bounds

We are here !
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A very basic one

    ( )


     ( )


            

                

P{X1,⋯,Xm} ⊑ PXi
∀i ∈ {1,⋯, m}

P{X1,⋯,Xm} ⪯m PXi
∀i ∈ {1,⋯, m}

Existing Lower bounds

Equivalently,

PZ ⊑ PX|Y=y

∀y ∈ 𝒴and 

PZ ⪯ PX|Y=y

We are here !
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A very basic one

    ( )


     ( )


P{X1,⋯,Xm} ⊑ PXi
∀i ∈ {1,⋯, m}

P{X1,⋯,Xm} ⪯m PXi
∀i ∈ {1,⋯, m}

<latexit sha1_base64="bMZ1ABt4UMMZhZs4viv0DFZdE60=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDbbSbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB8O/PbT6g0i+WDmSQYCDKULGKUGCt1ekzYLaj75YpX9eZwV4mfkwrkaPTLX71BTFOB0lBOtO76XmKCjCjDKMdpqZdqTAgdkyF2LZVEoA6y+b1T98wqAzeKlS1p3Ln6eyIjQuuJCG2nIGakl72Z+J/XTU10HWRMJqlBSReLopS7JnZnz7sDppAaPrGEUMXsrS4dEUWosRGVbAj+8surpHVR9S+rtftapX6Tx1GEEziFc/DhCupwBw1oAgUOz/AKb86j8+K8Ox+L1oKTzxzDHzifP0UZkCI=</latexit>

=)

Hα(X1, X2, ⋯, Xm) ≥ max
i∈{1,2,⋯,m}

Hα(Xi)

[Schur Concavity]

Existing Lower bounds

We are here !
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F. Cicalese, L. Gargano, and U. Vaccaro, “Minimum-entropy couplings and their applications,” IEEE Transactions on Information 
Theory, vol. 65, no. 6, pp. 3436–3451, 2019.


Based on Majorization ( )⪯m

Hα(Z) ≥ Hα( ⋀
y∈𝒴

PX|Y=y)

Hα(X1, ⋯, Xm) ≥ Hα(
m

⋀
i=1

Pi)

or

Existing Lower bounds

We are here !
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F. Cicalese, L. Gargano, and U. Vaccaro, “Minimum-entropy couplings and their applications,” IEEE Transactions on Information 
Theory, vol. 65, no. 6, pp. 3436–3451, 2019.


Based on Majorization ( )⪯m

      ( )


Recall,  is a partial order and 
complete lattice.       


P{X1,⋯,Xm} ⪯m Pi ∀i ∈ {1,⋯, m}

⪯m

We are here
We are here !

We are here !

Existing Lower bounds

We are here !
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F. Cicalese, L. Gargano, and U. Vaccaro, “Minimum-entropy couplings and their applications,” IEEE Transactions on Information 
Theory, vol. 65, no. 6, pp. 3436–3451, 2019.


Based on Majorization ( )⪯m

      ( )


Recall,  is a partial order and complete 
lattice.       


    


P{X1,⋯,Xm} ⪯m Pi ∀i ∈ {1,⋯, m}

⪯m

P{X1,⋯,Xm} ⪯m (
m

⋀
i=1

Pi)

Existing Lower bounds

We are here !
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F. Cicalese, L. Gargano, and U. Vaccaro, “Minimum-entropy couplings and their applications,” IEEE Transactions on Information 
Theory, vol. 65, no. 6, pp. 3436–3451, 2019.


Existing Lower bounds
Based on Majorization ( )⪯m

Hα(X1, ⋯, Xm) ≥ Hα(
m

⋀
i=1

Pi)

      ( )


Recall,  is a partial order and complete 
lattice.       


    


P{X1,⋯,Xm} ⪯m Pi ∀i ∈ {1,⋯, m}

⪯m

P{X1,⋯,Xm} ⪯m (
m

⋀
i=1

Pi)

We are here
We are here !

We are here !

We are here !
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Information- spectrum based Lower bound
Main Result I

We are going here !
or

Theorem:
ℙ[ıZ(Z) > t] ≥ max

y∈𝒴
ℙ[ıX|Y(X |Y) > t |Y = y]

𝔽ıX|Y=y
(t) ≥ 𝔽ıZ(t) ∀y ∈ 𝒴

We are here !



We are here !
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Main Result I

<latexit sha1_base64="bMZ1ABt4UMMZhZs4viv0DFZdE60=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDbbSbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB8O/PbT6g0i+WDmSQYCDKULGKUGCt1ekzYLaj75YpX9eZwV4mfkwrkaPTLX71BTFOB0lBOtO76XmKCjCjDKMdpqZdqTAgdkyF2LZVEoA6y+b1T98wqAzeKlS1p3Ln6eyIjQuuJCG2nIGakl72Z+J/XTU10HWRMJqlBSReLopS7JnZnz7sDppAaPrGEUMXsrS4dEUWosRGVbAj+8surpHVR9S+rtftapX6Tx1GEEziFc/DhCupwBw1oAgUOz/AKb86j8+K8Ox+L1oKTzxzDHzifP0UZkCI=</latexit>

=)

H(Z) ≥ ∫
∞

0
max
y∈𝒴 (1 − 𝔽ıX|Y=y

(t))dt

H(Z) = 𝔼[ıZ(Z)]

= ∫
∞

0
(1 − 𝔽ıZ(t))dt

≥ ∫
∞

0
max
y∈𝒴 (1 − 𝔽ıX|Y=y

(t))dt

𝔽ıX|Y=y
(t) ≥ 𝔽ıZ(t) ∀y ∈ 𝒴

Information- spectrum based Lower bound

We are here !
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Main Result I

 Can be similarly extended for Rényi  
entropy of Z (for any )α ≥ 0

We are here !

H(Z) ≥ ∫
∞

0
max
y∈𝒴 (1 − 𝔽ıX|Y=y

(t))dt

Information- spectrum based Lower bound

We are here !
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Information-spectrum sense ( )⪯ı

We say :

if

 majorizes  in an information-spectrum sense, i.e.,P Q

C. T. Li, "Infinite Divisibility of Information," in IEEE Transactions on Information Theory, vol. 68, no. 7, pp. 4257-4271, July 
2022.

Also introduced in :

Q ⪯ı P

𝔽ıQ(t) ≤ 𝔽ıP(t), ∀t ∈ [0,∞)

‘Majorization’ 
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Lemma 1:

Recall that :

if

We say :

if
Q ⪯ı P Q ⪯m P

Q ⪯ı P ⟹ Q ⪯m P

Information-spectrum sense ( )⪯ı

𝔽ıQ(t) ≤ 𝔽ıP(t), ∀t ∈ [0,∞)
k

∑
i=1

qi ≤
k

∑
i=1

pi ∀k ∈ {1,⋯, m}

‘Majorization’ 
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Recall Main Result I

or

Theorem:

We are here !

ℙ[ıZ(Z) > t] ≥ max
y∈𝒴

ℙ[ıX|Y(X |Y) > t |Y = y]

𝔽ıX|Y=y
(t) ≥ 𝔽ıZ(t) ∀y ∈ 𝒴

Information- spectrum based Lower bound

We are here !
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Recall Main Result I

<latexit sha1_base64="bMZ1ABt4UMMZhZs4viv0DFZdE60=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDbbSbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB8O/PbT6g0i+WDmSQYCDKULGKUGCt1ekzYLaj75YpX9eZwV4mfkwrkaPTLX71BTFOB0lBOtO76XmKCjCjDKMdpqZdqTAgdkyF2LZVEoA6y+b1T98wqAzeKlS1p3Ln6eyIjQuuJCG2nIGakl72Z+J/XTU10HWRMJqlBSReLopS7JnZnz7sDppAaPrGEUMXsrS4dEUWosRGVbAj+8surpHVR9S+rtftapX6Tx1GEEziFc/DhCupwBw1oAgUOz/AKb86j8+K8Ox+L1oKTzxzDHzifP0UZkCI=</latexit>

=)

Theorem:

PZ ⪯ı PX|Y=y ∀y ∈ 𝒴

ℙ[ıZ(Z) > t] ≥ max
y∈𝒴

ℙ[ıX|Y(X |Y) > t |Y = y]

or

𝔽ıX|Y=y
(t) ≥ 𝔽ıZ(t) ∀y ∈ 𝒴

Information- spectrum based Lower bound

We are here !
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<latexit sha1_base64="bMZ1ABt4UMMZhZs4viv0DFZdE60=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDbbSbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB8O/PbT6g0i+WDmSQYCDKULGKUGCt1ekzYLaj75YpX9eZwV4mfkwrkaPTLX71BTFOB0lBOtO76XmKCjCjDKMdpqZdqTAgdkyF2LZVEoA6y+b1T98wqAzeKlS1p3Ln6eyIjQuuJCG2nIGakl72Z+J/XTU10HWRMJqlBSReLopS7JnZnz7sDppAaPrGEUMXsrS4dEUWosRGVbAj+8surpHVR9S+rtftapX6Tx1GEEziFc/DhCupwBw1oAgUOz/AKb86j8+K8Ox+L1oKTzxzDHzifP0UZkCI=</latexit>

=) ???

Greatest lower bound 
w.r.t information  
spectrum?

Recall :

<latexit sha1_base64="bMZ1ABt4UMMZhZs4viv0DFZdE60=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDbbSbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB8O/PbT6g0i+WDmSQYCDKULGKUGCt1ekzYLaj75YpX9eZwV4mfkwrkaPTLX71BTFOB0lBOtO76XmKCjCjDKMdpqZdqTAgdkyF2LZVEoA6y+b1T98wqAzeKlS1p3Ln6eyIjQuuJCG2nIGakl72Z+J/XTU10HWRMJqlBSReLopS7JnZnz7sDppAaPrGEUMXsrS4dEUWosRGVbAj+8surpHVR9S+rtftapX6Tx1GEEziFc/DhCupwBw1oAgUOz/AKb86j8+K8Ox+L1oKTzxzDHzifP0UZkCI=</latexit>

=)

Recall :Recall :

Towards Main Result II

Similarly :

PZ ⪯ı PX|Y=y ∀y ∈ 𝒴PZ ⪯m PX|Y=y ∀y ∈ 𝒴

Hα(Z) ≥ Hα( ⋀
y∈𝒴

PX|Y=y) Hα(Z) ≥ Hα(Q*)

Information- spectrum based Lower bound
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<latexit sha1_base64="bMZ1ABt4UMMZhZs4viv0DFZdE60=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDbbSbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB8O/PbT6g0i+WDmSQYCDKULGKUGCt1ekzYLaj75YpX9eZwV4mfkwrkaPTLX71BTFOB0lBOtO76XmKCjCjDKMdpqZdqTAgdkyF2LZVEoA6y+b1T98wqAzeKlS1p3Ln6eyIjQuuJCG2nIGakl72Z+J/XTU10HWRMJqlBSReLopS7JnZnz7sDppAaPrGEUMXsrS4dEUWosRGVbAj+8surpHVR9S+rtftapX6Tx1GEEziFc/DhCupwBw1oAgUOz/AKb86j8+K8Ox+L1oKTzxzDHzifP0UZkCI=</latexit>

=) ???

Greatest lower bound 
w.r.t information  
spectrum?

Recall :

<latexit sha1_base64="bMZ1ABt4UMMZhZs4viv0DFZdE60=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPaUDbbSbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB8O/PbT6g0i+WDmSQYCDKULGKUGCt1ekzYLaj75YpX9eZwV4mfkwrkaPTLX71BTFOB0lBOtO76XmKCjCjDKMdpqZdqTAgdkyF2LZVEoA6y+b1T98wqAzeKlS1p3Ln6eyIjQuuJCG2nIGakl72Z+J/XTU10HWRMJqlBSReLopS7JnZnz7sDppAaPrGEUMXsrS4dEUWosRGVbAj+8surpHVR9S+rtftapX6Tx1GEEziFc/DhCupwBw1oAgUOz/AKb86j8+K8Ox+L1oKTzxzDHzifP0UZkCI=</latexit>

=)

Recall :Recall :

Towards Main Result II

Similarly :

PZ ⪯ı PX|Y=y ∀y ∈ 𝒴PZ ⪯m PX|Y=y ∀y ∈ 𝒴

Hα(Z) ≥ Hα( ⋀
y∈𝒴

PX|Y=y) Hα(Z) ≥ Hα(Q*)

Information- spectrum based Lower bound
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Lemma 1:

Recall that :

if

We say :

if
Q ⪯ı P Q ⪯m P

Q ⪯ı P ⟹ Q ⪯m P

Q ⪯m Q*

Information-spectrum sense ( )⪯ı

Lemma 2:

∃Q* ∈ ℱ

𝔽ıQ(t) ≤ 𝔽ıP(t), ∀t ∈ [0,∞)

ℱ = {Q : Q ⪯ı Pi ∀i ∈ {1,…, m}}

s.t. ∀Q ∈ ℱ

k

∑
i=1

qi ≤
k

∑
i=1

pi ∀k ∈ {1,⋯, m}

‘Majorization’ 



30

Main Result II

Define: 


 
𝒮 = {Q : Q ⪯ı PX|Y=y ∀y ∈ 𝒴} We want to go here !We are going here !

PZ ⪯ı PX|Y=y ∀y ∈ 𝒴

Information- spectrum based Lower bound

We are here !
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Main Result II

Define: 


 


 s.t. 


𝒮 = {Q : Q ⪯ı PX|Y=y ∀y ∈ 𝒴}

∃Q* ∈ 𝒮

     Lemma 2:
<latexit sha1_base64="4JNW+wn3/LFZXTr6K2nvsjTDAkM="></latexit>

F = {Q : Q �ı Pi 8i 2 {1, . . . ,m}}
<latexit sha1_base64="YKqA0w5Ae101rlisL3z+hOIhUbo="></latexit>

9Q⇤ 2 F s.t. Q �m Q⇤ 8Q 2 F

PZ ⪯ı PX|Y=y ∀y ∈ 𝒴

Information- spectrum based Lower bound

We are here !

                  ;    
Q ⪯m Q* ∀Q ∈ 𝒮
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Main Result II

Define: 


 


 s.t. 


                  ;    


𝒮 = {Q : Q ⪯ı PX|Y=y ∀y ∈ 𝒴}

∃Q* ∈ 𝒮
Q ⪯m Q* ∀Q ∈ 𝒮

We want to go here !

PZ ⪯ı PX|Y=y ∀y ∈ 𝒴

Information- spectrum based Lower bound

We are here !

⟹ Z ⪯m Q* ⪯m PX|Y=y
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Main Result II

Define: 


 


 s.t.  ; 


                      


𝒮 = {Q : Q ⪯ı PX|Y=y ∀y ∈ 𝒴}

∃Q* ∈ 𝒮 Q ⪯m Q* ∀Q ∈ 𝒮

PZ ⪯ı PX|Y=y ∀y ∈ 𝒴

Hα(Z) ≥ Hα(Q*)

Information- spectrum based Lower bound

We are here !

 support size of the lower bounding distribution is enlarged

⟹ Z ⪯m Q* ⪯m PX|Y=y
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Numerical Example

PX|Y( ⋅ |y1) = (0.45,0.4,0.15)
PX|Y( ⋅ |y2) = (0.5,0.3,0.2)

Lower bound 1

Hα(Z) ≥ max
y∈𝒴

Hα(X |Y = y)

H(Z) ≥ max{1.4577,1.4855}
= 1.4855
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PX|Y( ⋅ |y1) = (0.45,0.4,0.15)
PX|Y( ⋅ |y2) = (0.5,0.3,0.2)

Lower bound 2

Hα(Z) ≥ Hα( ⋀
y∈𝒴

PX|Y=y)

⋀
y∈𝒴

PX|Y=y = (0.45,0.35,0.2)

H(Z) ≥ 1.5129

PX|Y( ⋅ |y1) = (0.45,0.4,0.15)
PX|Y( ⋅ |y2) = (0.5,0.3,0.2)

Numerical Example
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PX|Y( ⋅ |y1) = (0.45,0.4,0.15)
PX|Y( ⋅ |y2) = (0.5,0.3,0.2)

Lower bound 3 - Main Result I

H(Z) ≥ ∫
∞

0
max
y∈𝒴 (1 − 𝔽ıX|Y=y

(t))dt

ıX|Y( ⋅ |y1) ∈ {1.15,1.32,2.74}
ıX|Y( ⋅ |y2) ∈ {1,1.74,2.32}

PX|Y( ⋅ |y1) = (0.45,0.4,0.15)
PX|Y( ⋅ |y2) = (0.5,0.3,0.2)

Numerical Example
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Lower bound 4 - Main Result II

PX|Y( ⋅ |y1) = (0.45,0.4,0.15)
PX|Y( ⋅ |y2) = (0.5,0.3,0.2)

H(Z) ≥ ∫
∞

0
max
y∈𝒴 (1 − 𝔽ıX|Y=y

(t))dt

ıX|Y( ⋅ |y1) ∈ {1.15,1.32,2.74}
ıX|Y( ⋅ |y2) ∈ {1,1.74,2.32}

PX|Y( ⋅ |y1) = (0.45,0.4,0.15)
PX|Y( ⋅ |y2) = (0.5,0.3,0.2)

H(Z) ≥ Shaded Area
= 1.6325

Numerical Example
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<latexit sha1_base64="f2lCFhHjlplCVS9HEiyUTlx6otI=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFqCDDjNbLRii6cdmCvUA7lkyatqGZzJBkhDJ06cZXceNCEbc+gjvfxsx0Ftp6IOHj/88hOb8XMiqVbX8buYXFpeWV/GphbX1jc8vc3mnIIBKY1HHAAtHykCSMclJXVDHSCgVBvsdI0xvdJH7zgQhJA36nxiFxfTTgtE8xUlrqmvu1+w6SCl7Bkm2Vz46hbZ0ml5Oic9Q1i7ZlpwXnwcmgCLKqds2vTi/AkU+4wgxJ2XbsULkxEopiRiaFTiRJiPAIDUhbI0c+kW6cLjKBh1rpwX4g9OEKpurviRj5Uo59T3f6SA3lrJeI/3ntSPUv3ZjyMFKE4+lD/YhBFcAkFdijgmDFxhoQFlT/FeIhEggrnV1Bh+DMrjwPjRPLObfKtXKxcp3FkQd74ACUgAMuQAXcgiqoAwwewTN4BW/Gk/FivBsf09ackc3sgj9lfP4AmkKUmg==</latexit>

Q⇤ = (0.45, 0.3, 0.15, 0.1)

PX|Y( ⋅ |y1) = (0.45,0.4,0.15)
PX|Y( ⋅ |y2) = (0.5,0.3,0.2)

Lower bound 4 - Main Result II

Hα(Z) ≥ Hα(Q*)

H(Z) ≥ H(Q*) = 1.7822

PX|Y( ⋅ |y1) = (0.45,0.4,0.15)
PX|Y( ⋅ |y2) = (0.5,0.3,0.2)

Numerical Example



Converse results for two problems :


• Functional representations


• Minimum entropy couplings


Tools from majorization and 
information spectrum.


Improves on all the existing lower 
bounds.
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