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Functional Representation Lemma

Given (X, Y) ~ Pyy, there exists Z (Z L Y) and a function g( -, ) such that
X=g,7)i.e,

HX|Y,Z)=0
I(Y:Z) =0

~
S
1
~
S

g(Y,Z)

Pxy

El Gamal, A., & Kim, Y. (2011). Network Information Theory. Cambridge: Cambridge University Press. doi:10.1017/

CBO9781139030687 ,



Minimum Entropy Functional Representations

Given: (X,Y) ~ Pyy

Find: Z (Or PZ‘XY)

Such that: Y | Z.
X =g(Y, 7Z)

Minimize: H (Z) (Va = 0)



Minimum Entropy Couplings

Given: m marginal distributions i.e.,
(P,,P,, - P, )

Find: coupling (X, X5, -, X )

Such that: X, ~ P,

Vie {l1,2,---,m}

Minimize: H (X, X5, -, X )
(Va > 0)



The two problems are
ONE!

Minimum Renyi entropy of Rényi entropy of the
Z in FRL, —  Minimum Entropy Coupling for
i.e., H (Z) {PX\Yzy}yE?

Kocaoglu, M., Dimakis, A., Vishwanath, S., & Hassibi, B. (2017). Entropic Causal Inference. Proceedings of the AAAI Conference on

Artificial Intelligence, 31(1).
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However......

O Computing H (Z) or H (X;,X,, -+, X ) is NP-hard.

O Lower bounds — Converse type results
O Upper bounds — Achievability type results



However......

O Computing H (Z) or H (X;,X,, -+, X ) is NP-hard.

O Lower bounds — Converse type results
O Upper bounds — Achievability type results

O Concerned with Lower bounds here !!



Entropy and Information
Factsheet

Information :

1x (x) = log Py ()

Information spectrum of X :
Ty (1) = Plax(X) <

Vit e [0,00)




Entropy and Information
Factsheet

Information :

1x (x) = log Py ()

Information spectrum of X :
Ty (1) = Plax(X) <

Shannon entropy : Vt € [0,00)

Renyi entropy :
HX) = E i (X) )= L og -]
@7

- L (1 - [le(t))dt " o e 0,1)U (1, o-o)




Majorization (<)
Factsheet

Definition :

given Q:(Q17QQ7Q37°'°)7 QIZC]QZC]B

P:(plap27p37“')7 P1 ZPZ ZPS

we say @ =X, P

k k
if Y <)) pi, Vk=1,2,...
1=1 1=1
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Majorization (<)
Factsheet

Definition : Greatest lower bound w.r.t
Majorization :

/\Pq; =m B, iE{l,...,m}
1=1

given Q:(Q17QQ7Q37°'°)7 QIZQQZC]S

P:(p17p27p37“')7 P1 ZPQ ZPS

Qjmpi — Qjm /\Pz
we say =, P i—1

k k
if Y <)) pi, Vk=1,2,...
1=1 1=1
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Majorization (<)
Factsheet

Definition : Greatest lower bound w.r.t
Majorization :

/\Pq; =m B, iE{l,...,m}
1=1

given Q:(Q17QQ7Q37”°)7 QIZQQZC]S

P:(plap27p37“')7 P1 ZPQ ZPS

Qjmpi — Qjm /\Pz
we say =, P i—1

Schur concavity :

k k
if %<y pi, Yek=12,...
; 7,2:; Qjmp — Ha(Q) >Ha(P)
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Existing Lower bounds
A very basic one

-== Greedy Upper bound [Kocaoglu et. al]
— Lower Bound (Trivial)
----- Min entropy (o = 00)
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H (Z) > max H (X|Y = y)

YEY

] 2.8 -
!

or
“. »We are here !

Renyi entropy of order «

o H (X, X,,---,X,) > max H/(X) |}
‘( i€{1,2,+,m}
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Existing Lower bounds
A very basic one

O P,y E Py, (Vi € (Lesm))

O P{XI,...,Xm} ﬁm PXi (Vl S {la”'a m})
Equivalently, -

' PZ = PX | Y=y

and Vye ¥ ' s
PZ 5 PX‘Y:y ' el
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-== Greedy Upper bound [Kocaoglu et. al]
— Lower Bound (Trivial)
----- Min entropy (o = 00)

. »We are here !
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Existing Lower bounds
A very basic one

OP{Xl,---,Xm} EPX,- (Vl S {19’”9 WL})

O P{Xl,...,Xm} 5mPXi (Vl S {19"'9 m})

 [Schur Concavity]

N

. H(X;,X,,,X,)> max H(X) |
' i€{1,2,--,m) i
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39" --- Greedy Upper bound [Kocaoglu et. al]
. — Lower Bound (Trivial)
-== Min entropy (o = 00)
3 |
2.8 |-

b
N

Renyi entropy of order «
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Existing Lower bounds
Based on Majorization (<, )

39" --- Greedy Upper bound [Kocaoglu et. al]
T A S o T S P S A S R P P T ; — Lower Bound (GLB-majorization)
| | ‘ — Lower Bound (Trivial)
H Z > H P ' w Min entropy (o = 00)
.~ a( ) — 04 Xl Y:y ‘ -

YEY

Renyi entropy of order «
DO
N
[

or
2.2
m 2 -
Ha(Xla 9Xm) ZHC{(/\PZ) -
i=1 . .. _ @ -
| 6 .

F. Cicalese, L. Gargano, and U. Vaccaro, "Minimum-entropy couplings and their applications,” IEEE Transactions on Information
Theory, vol. 65, no. 6, pp. 3436-3451, 2019.
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Existing Lower bounds
Based on Majorization (<, )

OPix ..xy Zpm Py (ViE {1,:-,m})

O Recall, X, is a partial order and
complete lattice.

F. Cicalese, L. Gargano, and U. Vaccaro, "Minimum-entropy couplings and their applications,” IEEE Transactions on Information

Theory, vol. 65, no. 6, pp. 3436-3451, 2019.
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Renyi entropy of order «

5ol% -== Greedy Upper bound [Kocaoglu et. al]
; — Lower Bound (GLB-majorization)
— Lower Bound (Trivial)

g £ = L Min entropy (o = 00)
2.8
2.6 |

»We are here !

2.4
2.2

2 -
s N e
1.6 |




Existing Lower bounds
Based on Majorization (<, )

O . 39" -== Greedy Upper bound [Kocaoglu et. al]
P{X e X } ﬁm Pl ( Vl - { 1 .MM }) . — Lower Bound (GLB-majorization)
Is " »m — Lower Bound (Trivial)
s === Min entropy (o = 00)

O Recall, < is a partial order and complete
lattice.

m
O Ply..x ) Zm ( /\Pi)
=1

2.8

»We are here !

Renyi entropy of order «
DO
N
[
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F. Cicalese, L. Gargano, and U. Vaccaro, "Minimum-entropy couplings and their applications,” IEEE Transactions on Information
Theory, vol. 65, no. 6, pp. 3436-3451, 2019.
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Existing Lower bounds
Based on Majorization (<, )

OP{Xl,---,Xm} ﬁm Pi (Vi &€ {1,,m})

O Recall, < is a partial order and complete
lattice.

m
O Ply..x ) Zm ( /\Pi)
=1

H(X,,X)> Ha(/\Pl.)

-== Greedy Upper bound [Kocaoglu et. al]

3.2
— Lower Bound (GLB-majorization)
‘ — Lower Bound (Trivial)
e -==Min entropy (o = 00)
2.8 |

Renyi entropy of order «
DO
N

»We are here !
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F. Cicalese, L. Gargano, and U. Vaccaro, "Minimum-entropy couplings and their applications,” IEEE Transactions on Information

Theory, vol. 65, no. 6, pp. 3436-3451, 2019.



Information- spectrum based Lower bound
Main Result I

TheO rem. : 3.9 ‘\‘ -== Greedy Upper bound [Kocaoglu et. al]
3 ; — Main Result 1 [ Yadav-Shkel 23]

[FD[IZ(Z) > t] > Imax [FD[le (X‘ Y) > t‘ Y y] : — Lower Bound (GLB-majorization)

— Lower Bound (Trivial)

ye ? ' -==Min entropy (v = 00)

or » We are here !

Renyi entropy of order «
DO
N

H2F() Vye ¥

lX| Y=y

&
o
=
[
I
-
S
=
=
=
)
-
Y
- -
~
---
---------
-
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Information- spectrum based Lower bound
Main Result I

. (O02F0 Vyey

H(Z) = El1,(2)]

o0

HZ) > J max

Joo (1-F0 )

0 YEY ;
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Renyi entropy of order «

39" -== Greedy Upper bound [Kocaoglu et. al]
; — Main Result 1 [ Yadav-Shkel 23]
— Lower Bound (GLB-majorization)
3N\ — Lower Bound (Trivial)
=== Min entropy (v = 00)
2.8
2.6
»We are here !
2.4
2.2
2 A
N
1.6 -




Information- spectrum based Lower bound
Main Result I

G ‘\‘ -== Greedy Upper bound [Kocaoglu et. al]
; — Main Result 1 [ Yadav-Shkel 23]
: — Lower Bound (GLB-majorization)
3N\ — Lower Bound (Trivial)
=== Min entropy (v = 00)
2.8 |-
0 Q 5 2.6

» We are here !

/ J max( ley_y(t))

0 YEY ;

Renyi entropy of order «
DO
N

&
o
=
[
I
-
S
=
=
=
)
-
Y
- -
~
---
---------
-

O Can be similarly extended for Renyi
entropy of Z (for any a > 0) e e R —
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‘Majorization’
Information-spectrum sense (<)

We say : P majorizes Q in an information-spectrum sense, i.e.,

Q=P

f | FO<F®. Vre[0.wm)

Also introduced in :

C. T. Li, "Infinite Divisibility of Information,” in IEEE Transactions on Information Theory, vol. 68, no. 7, pp. 4257-4271, July
2022.
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‘Majorization’
Information-spectrum sense (<)

We say - Recall That :

‘,f | k k
f F () <F®. Vie[0,0) i Y a<Yp VRE{lom)

oLemmal: O<X,P = Q0=X,P

24



Information- spectrum based Lower bound
Recall Main Result 1

TheO rem: i G ‘\‘ -== Greedy Upper bound [Kocaoglu et. al]
; — Main Result 1 [ Yadav-Shkel 23]

[FD[IZ(Z) > t] > Imax [FD[le (X‘ Y) > t‘ Y y] : — Lower Bound (GLB-majorization)

— Lower Bound (Trivial)

ye ? === Min entropy (v = 00)

or

H2F (@ Vyey

» We are here !

Renyi entropy of order «
DO
N

lX| Y=y

&
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=
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- -
~
---
---------
-
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Information- spectrum based Lower bound
Recall Main Result 1

'; Th eorem. : . -== Greedy Upper bound [Kocaoglu et. al]
: = — Main Result 1 [Yadav-Shkel *23]
P — L Bound (GLB-majorizati
PLAT) > 12 max Pligy (X 1) > 1]Y = ) Y e
yE ? -== Min entropy (o = 00)
or . »We are here !
2 2.4 - 4
F D 2F () Vye ¥
2 -
WV . 4 e
e e
' PZ 5l PX‘ Y=y Vy = ? i g e sttt ol s i it s e (o T Bt ‘
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Information- spectrum based Lower bound
Towards Main Result II

Recall : Similarly :
Pz =, Pxjy=y Vye ¥ P72, Pyy-y, Vye¥
l 2272
H(Z) > Hy( /\ Pxjr=y) H(Z) > H Q%)
YEY

Greatest lower bound
w.r.t information
spectrum?

27



Information- spectrum based Lower bound

Recall :

Pz =n Pxiy=y Vy€ ¥

\v/

H(Z) 2 Ha< /\ PX\Y=y)

Towards Main Result 11

Similarly :

YEY

N

H(Z) 2 H,(Q%)

P72, Pxiy=y Vye ¥

?2?7?

S'l' IOWQT' Do

W.T. 'I' ln ?‘}‘ g . n

28



‘Majorization’
Information-spectrum sense (<)

We say : Recall fha’r

if F(0)<F. Vie[0o0) - f Z%S Zpi Vk € {1m} |

oLemmal: O<X,P = Q0=X,P
Olemma 2: ¥ ={Q0: 00X P, Viell,..,m}}

10*e F s.t. 0=, 0% VOe F
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Information- spectrum based Lower bound
Main Result II

0S8 =1{0: 0= Pyy, VyE ¥}

30

Renyi entropy of order «
DO
N

-== Greedy Upper bound [Kocaoglu et. al]
— Main Result 2 [Yadav-Shkel 23]

— Main Result 1 [Yadav-Shkel *23]

— Lower Bound (GLB-majorization)

— Lower Bound (Trivial)

=== Min entropy (o = 00)

.. = We are here !




Information- spectrum based Lower bound
Main Result II

--= Greedy Upper bound [Kocaoglu et. al]
— Main Result 2 [Yadav-Shkel 23]
— Main Result 1 [Yadav-Shkel *23]

3 — Lower Bound (GLB-majorization)
£ — Lower Bound (Trivial)
2.8 === Min entropy (o = 00)
0S8 ={0Q: 0=, Pyy, VyeE ¥} ﬂ e
S - - We are here !

Lemma 2:

N_JQ EF st Q=nQ VQeF S
o 30* € § s.t. e e e

0=,0° ; VOEJ
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Information- spectrum based Lower bound
Main Result II

08 ={0: 0= Pxy, Vye ¥}
O dO* € & s.t.
0=<,0% ; VOQeJS
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Renyi entropy of order «
DO
He

-== Greedy Upper bound [Kocaoglu et. al]
— Main Result 2 [Yadav-Shkel 23]

— Main Result 1 [Yadav-Shkel *23]

— Lower Bound (GLB-majorization)

— Lower Bound (Trivial)

--== Min entropy (o = 00)

.= We are here !




Information- spectrum based Lower bound

Main Result II

08 ={0: 0=, Pyy, Vye Y] .
o JP*eSst 00X 0%, VOeds

.. = We are here !

-== Greedy Upper bound [Kocaoglu et. al]
— Main Result 2 [Yadav-Shkel 23]

— Main Result 1 [Yadav-Shkel *23]

— Lower Bound (GLB-majorization)

— Lower Bound (Trivial)

--== Min entropy (o = 00)

H (Z) > H (0%)

O support size of the lower bounding distribution is enlarged

33



Numerical Example
Lower bound 1

Ple( ’ |y1) — (045,04,015) _\ — g;erezdéﬂgtz(eargg\l/j?:hkmm%

Cor 1 BND Yadav-Shkel 2023
BND Cicalese et al 2019

Pyy(- y,) = (0.5,0.3,0.2) \ e

\

| H(Z) > max Hy(X|Y = y) |

YEY

-t
oo
|

Renyi entropy of order «
o

H(Z) > max{1.4577,1.4855} :
— 1.4855 —

1.2

—
S
|
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Numerical Example
Lower bound 2

Pyy( - |y) = (0.45,0.4,0.15) \ S

Cor 1 BND Yadav-Shkel 2023
BND Cicalese et al 2019

Pyy( - |y2) = (0.5,0.3,0.2) \ S

.‘ Ha(Z) > Ha( /\ PX|Y=y>

-t
oo
|

Renyi entropy of order
o

—
S
|

A\ Pyjy—, = (0.45,0.35,0.2)

:%
ey .
H(Z) > 1.5129 0_._._15_._.2 ..... :;_._._l _____ : ._._.Z ..... —— é_._._gl._._..l
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Numerical Example
Lower bound 3 - Main Result I

Pyy(- 1yp) = (0.45,0.4,0.15)
Py(-13) = 0503.02)

|

H(Z) > [ max ( leH(t))

0 yE?

(- 1yp) € (1.15,1.32,2.74)

09 T
O8 T ’

H:L)fl\/-‘-c"jg_

05 -+

04 T \ &

Lx|y=y,

i ] 4

| X | ! v
1.19 1.32 134 22 2.2}

1 14 2 2.3 4 3
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Numerical Example
Lower bound 4 - Main Result II

Pyy(- |y) = (0.45,0.4,0.15)

Pyiy(+ |y2) = (0.5,0.3,0.2) 02.
ST e o

- f " "‘

0S5
(- 1yy) € {1.15,1.32,2.74} 0.4
y( - 1yy) € {1,1.74,2.32)

H(Z) > Shaded Area

——
.15 1.32 134 932 234
= 1.6325 L 2 3
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Numerical Example
Lower bound 4 - Main Result II

Pyy( - |y) = (0.45,0.4,0.15) \ S

Cor 1 BND Yadav-Shkel 2023
BND Cicalese et al 2019

Pyy( - |y2) = (0.5,0.3,0.2) \ S

-t
oo
|

| H(Z) > H(0%)

Renyi entropy of order

—A
(o)}
a

Q* = (0.45,0.3,0.15,0.1)

—
S
|

H(Z) > H(O*) = 1.7822 —

1.2 |
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Concluding Remarks

O Converse results for two problems :

® Functional representations
® Minimum entropy couplings

O Tools from majorization and
information spectrum.

O Improves on all the existing lower
bounds.

Renyi entropy of order a

-== Greedy Upper bound [Kocaoglu et. al]
— Main Result 2 [ Yadav-Shkel *23]

— Main Result 1 [Yadav-Shkel 23]

— Lower Bound (GLB-majorization)

— Lower Bound (Trivial)

=== Min entropy (v = 00)




Concluding Remarks

. ‘ -== Greedy Upper bound [Kocaoglu et. al]
O Converse results for two problems : — Main Result 2 [Yadav-Shkel 23
. — Main Result 1 [Yadav-Shkel 23]
SN\ — Lower Bound (GLB—maj orization)
® Functional representations B e Dy

2.6 |-

® Minimum entropy couplings

Renyi entropy of order a
N
N

O Tools from majorization and
information spectrum.

O Improves on all the existing lower
bounds. Lo

Concurrent Work :

Spencer Compton, Dmitriy Katz, Benjamin Qi, Kristjan Greenewald, Murat Kocaoglu, ¥ Minimum-Entropy Coupling

Approximation Guarantees Beyond the Majorization Barrier “, Proceedings of The 26th International Conference
on Artificial Intelligence and Statistics (AISTATS), PMLR 206:10445-10469, 2023.



